COMPLEXITY ONE HAMILTONIAN SU(2) AND S0(3) ACTIONS 



RIVER CHIANG 



Abstract. We consider compact connected six dimensional symplectic mani- 
folds with Hamiltonian SU(2) or SO(3) actions with cyclic principal stabilizers. 
We classify such manifolds up to equivariant symplectomorphisms. 
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1. Introduction 

Let (M, u>) be a symplectic manifold and G be a compact connected Lie group 
that acts effectively on M by symplectic transformations. A moment map $ : M — > 
g* is a G-equivariant map such that for every £ in the Lie algebra 9 of G, 

where £m : M — > TM denotes the induced vector field of £ on M. If there is a 
moment map, we say that the action is Hamiltonian. The triple (M, ui, $) is 
called a Hamiltonian G-manifold or Hamiltonian G-action. An isomorphism 
between two such manifolds is an equivariant symplectomorphism that respects the 
moment maps. We usually assume that M is connected, that G acts effectively on 
M, and that the moment map $ is proper. 

For a point a in the dual of the Lie algebra of G, the symplectic quotient or 
reduced space at a is the topological space M a = $ _1 (G • a)/G = < i>~ 1 (a)/G a , 
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where G ■ a is the coadjoint orbit through a and G a denotes the stabilizer of a. If 
a is a regular value of the moment map <&, the reduced space M a is a symplectic 
orbifold. In general, the reduced space is a symplectic stratified space [LS, BL]. 
The complexity of (M,u, $) is half the dimension of the reduced space M a at a 
generic value a in the moment image $(M). 

Suppose a torus T acts on a symplectic manifold M in a Hamiltonian fashion. 
Its complexity is ^dimM — dimT. In particular, the complexity is zero exactly 
if the dimension of the torus is half the dimension of the manifold. The space is 
then called a toric manifold. These spaces are classified by their moment images 
[Dl]. Karshon and Tolman have studied complexity one torus actions in arbitrary 
dimensions [KT1, KT2]. Special cases are compact symplectic four-manifolds with 
circle actions which are classified by Karshon [Kl], also see Audin, and Ahara- 
Hattori [Aul, Au2, AH]. 

As for SO(3) actions, there are two distinct cases: the principal stabilizer is 
S 1 or the principal stabilizer is Z„ = Z/nZ. The former case is characterized by 
Iglesias [Ig]. In any dimension, the manifold M is isomorphic to the product of S 2 
by the symplectic orbit manifold Mj SO (3). The latter case in dimension four has 
complexity zero and is classified by Iglesias [Ig]. The only compact Hamiltonian 
SO(3)-manifolds are CP 2 and S 2 x S 2 . The first is equipped with the natural action 
induced by SU(3) and the second can be equipped with different SO (3) actions 
indexed by N. Complexity zero Hamiltonian actions of more general nonabelian 
groups have been studied by Delzant, Woodward, and Knop [D2, W, Kn]. 

In the algebraic and smooth categories, Lie group actions of complexity zero or 
one have been studied in [Tl, T2, F, OW], 

In this paper we study complexity one SU(2) and SO(3) actions. After Iglesias's 
work, it remains to classify compact connected six dimensional symplectic manifolds 
equipped with Hamiltonian SU(2) or SO(3) actions with cyclic principal stabilizers 
Z„ = Z/nZ. When the moment image does not contain zero, the manifold is of 
the form G X51 X where G is SU(2) or SO(3) and X is a symplectic four-manifold 
with a (possibly noneffective) Hamiltonian circle action. This can be viewed as 
an immediate corollary from the classification of circle actions on four-manifolds. 
Therefore, we emphasize the case when zero is in the moment image. 

Generalizing techniques established by Karshon and Tolman [KT1, KT2], we 
proceed by first studying the basic building blocks: the preimages under the moment 
map of sufficiently small open subsets in q* . In this context, the classification 
applies not only to a compact manifold but also to a noncompact manifold with 
a proper moment map. In Sections 2-12, we provide a complete set of invariants 
for the preimage of a neighborhood of G $5*. In Sections 13-16, we discuss local 
invariants for the preimage of any neighborhood in g* away from zero. We then 
show that if two spaces are locally isomorphic, they are globally isomorphic. 

We now describe the invariants. 

The Duistermaat-Heckman function is a real function defined on the dual of 
the Lie algebra that takes the value of the symplectic volume of the reduced space. 
That is, / : q* -> R such that 

f(a) = Vol(M a ). 

For x <E M, the set G x — { g E G | gx — x } of elements of G leaving x fixed 
is called the stabilizer of x. G x is a closed subgroup of G. It acts linearly on 
the tangent space T X M, and thus T X M is a representation space of G x . This 



COMPLEXITY ONE HAMILTONIAN SU(2) AND SO(3) ACTIONS 



3 



representation is called the isotropy representation at x. The stabilizers of points 
in the same orbit are conjugate, and their isotropy representations are linearly 
symplectically isomorphic. We call this conjugacy class the stabilizer, and the 
isomorphism class the isotropy representation of the orbit. 

For convenience, we call the level set of the moment map $ _1 (a) the moment 
fiber at a or simply the a fiber. An orbit is exceptional if it has a strictly larger 
stabilizer than any nearby orbit in the same moment fiber. In particular, if 
contains only one G a orbit, that orbit is exceptional. Since the moment map is 
proper, each moment fiber is compact, and it has finitely many exceptional orbits. 
The isotropy data at a consist of the unordered list of isotropy representations 
of the exceptional orbits in ^ 1 (a). 

If M is a G-manifold with connected orbit space M/G, there exists an open 
dense subset of M in which all stabilizers arc conjugate. This conjugacy class is 
called the principal stabilizer of M. A similar notion exists for the zero fiber of 
the moment map. 

If $ _1 (a) consists of a single G Q -orbit, it is called a short fiber; otherwise, it is 
tall. In the complexity one case, if $ _1 (a) is tall, we show that its reduced space 
M a = &~ 1 (a)/G a is topologically a closed connected oriented surface. We call its 
genus the genus at a. Defining the genus of a point to be zero, we show that 
the genus is independent of a for any a e $(M) and is called the genus of the 
Hamiltonian G-manifold (M, u, <&). 

For any real n dimensional vector bundle n: W — > X, there exists an associated 
orientation bundle p: X — > X, whose fiber over a point x is the two ways to orient 
tt^ 1 (x). This is a two-sheeted covering, and Cech cocycles provide a convenient 
way to construct it. Choose an open cover U = {U a } of X with trivialization 
maps if a : U a x M. n — > 7r _1 (£/ a ). The Jacobian determinants of the change of 
fiber coordinates from M™ to R™ have a locally constant sign, which gives a locally 
constant function from U a n Up to Z2. The chain rule for Jacobians implies that 
this is a cocycle. It determines an element w\(W) <E H 1 (X;'Z2), called the first 
Stiefel- Whitney class of W. In a similar fashion, we can construct the associated 
orientation bundle and define the first Stiefel- Whitney class of any fiber bundle W 
over a manifold X provided that the fiber of W is connected and orientable. 

In particular, when the zero fiber of a Hamiltonian SO(3)-manifold is tall, and 
when the principal stabilizer of the zero fiber is S 1 , the zero fiber $ -1 (0) is a 
sphere bundle over the reduced space off the exceptional orbits. Let E = { Ej } 
denote the set of exceptional orbits in the zero fiber. Let Mg Cg denote the smooth 
part of the symplectic quotient at 0, i.e., M™ s = ($ _1 (0) \ E)/G. Then Mq° s 
is diffcomorphic to E \ {finitely many points}, where S = $ _1 (0)/G is a closed 
connected oriented surface. Through the orientations on the fiber spheres, $ _1 (0) 
induces an associated orientation bundle on Mq° s , and the first Stiefel- Whitney 
class in H^M^; Z 2 ). 

Sections 2-12 are devoted to prove the local uniqueness over 0: 

Theorem A (Local Uniqueness over 0). Let G be SU(2) or SO(3). Let (M,w,$) 
and (M',u/, $') be compact connected six dimensional Hamiltonian G-manifolds 
such that G $(M) = $'(M'). There exists an invariant neighborhood V of in 
Q* over which the Hamiltonian G-manifolds are isomorphic if and only if 

• their Duistermaat-Heckman functions coincide on V , 

• their isotropy data and genus at are the same, 
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• their principal stabilizers of the zero fibers are the same, 

• if the zero fibers are tall with principal stabilizer S 1 , the first Stiefel- Whitney 
classes o/$ _1 (0) and$ /_1 (0) m H 1 (M™ 9 ;Z 2 ) and H 1 (M , Q e9 ;Z 2 ) are equal 
(under an identification of Mq and Mq that respects the isotropy data). 

Remark 1.1. For G = SU(2), a tall zero fiber has no exceptional orbits. In this case, 
Theorem A follows from the equivariant symplcctic embedding theorem of [Wl]. 

In Sections 13-16, we adapt the idea of symplcctic cross-sections introduced by 
Guillemin and Sternberg [GS2] . It allows us to apply our techniques and determine 
when two Hamiltonian G-manifolds are locally isomorphic. We then define com- 
patible invariants to construct a global isomorphism from the local isomorphisms. 

Let E denote the set of exceptional orbits in M. We consider the projections 
M — > M/G and g* — > g*/G, and the map $ induced by the moment map $. The 
isotropy skeleton is the space E/G where each point is labeled by its isotropy 
representation, together with the map <j>: E/G — > Q*/G. Two isotropy skeletons 
are considered the same if there exists a homeomorphism /: E/G — ► E'/G that 
sends each point to a point with the same isotropy representation and such that 

i> = <Fo/. 

We have the following global uniqueness theorem: 

Theorem B. Let G be SU(2) or SO(3). Let (M,w,$) and (M',u',&) be compact 
connected six dimensional Hamiltonian G-manifolds such that <&(M) = <&'(M). 
Then M, M' are isomorphic if and only if they have the same Duistermaat-Heckman 
function, the same genus, the same isotropy skeleton, the same principal stabilizers 
of the manifolds and of the zero fibers, and the same first Stiefel- Whitney class of 
the zero fibers when applicable. 

2. The zero fiber 

We begin by stating some properties of the zero fiber of the moment map. If a 
compact Lie group acts on a symplectic manifold and if the action is Hamiltonian, 
the Local Normal Form Theorem of Marie, Guillemin and Sternberg [M, GS1] 
provides a nice description of the neighborhood of any orbit in the zero fiber. 

Theorem 2.1 (Local Normal Form). Let a compact Lie group G act on a symplectic 
manifold (M, u) with a moment map $ : M — > g* . Let x be a point in the zero fiber 
of the moment map, G ■ x be its orbit in M , H be the stabilizer of x, and V be the 
symplectic slice (T x (G-x)) w /T x {G-x) atx € M. Given a choice of an H- equivariant 
splitting g = f) © m, there exists a G-invariant symplectic form on the local model 
Y = G x fl (h° x V) such that 

(1) a neighborhood of G ■ x is equivariantly symplectomorphic to a neighborhood 
of the zero section in Y , and 

(2) the action of G on Y is Hamiltonian and the moment map is given by 

where h° is the annihilator of I), Ad^ is the coadjoint action, tt* : h* — > g* is induced 
by the projection n: g — > f), and $y : V — > f)* is the moment map for the slice 
representation. 

A special case of Theorem A follows immediately from the Local Normal Form 
Theorem: 
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Proposition 2.2. Let G = SU(2) or SO(3). Let (M,w,$) and (M',w',$') fee 
Hamiltonian G-manifolds such that <G $(M) = $'(M'). Assume 3> _1 (0) and 
$' 1 (0) consist of one single orbit each and that these orbits have the same isotropy 
representation. Then there exists a neighborhood V of in q* over which M and 
M' are isomorphic. 

Proof. Since <I> -1 (0) and <&' 1 (0) consist of one single orbit each with the same 
isotropy representation, we can find x £ M and x' £ M' with the same stabilizer 
such that G ■ x = <& _1 (0) and G ■ x' = <& /_ (0). It follows from the Local Normal 
Form Theorem that there exist neighborhoods U of G ■ x and U' of G ■ x' and an 
equivariant symplectomorphism ip: U — > U' such that <p(x) = x' and <&' o ip = 

Since the moment maps $ and $' are proper, there exist neighborhoods W and 
W of in * such that <$>-\W) C E7 and $ /_1 (W) C [/'. We can then take 



If we ought to understand all the possible local models G (f)° x V), we first 
have to understand all the isotropy representations. The isotropy representation 
is a direct sum of the coadjoint action of H C G on f)° C Q* and the slice repre- 
sentation of H on V. Therefore, we need to know all the possible stabilizers, slice 
representations, and coadjoint actions for SU(2) and SO (3). 

Up to conjugacy, the finite subgroups of SO(3) include the trivial group {1}, 
the cyclic groups Zk, k = 2,3,..., the dihedral groups D 2 k, k = 2,3,..., the 
tetrahedral, octahedral and icosahedral groups. Any of these finite subgroups will 
be denoted by T if it doesn't need to be specified. 

Up to conjugacy, SO (3) has two infinite one dimensional closed subgroups: the 
maximal abelian subgroup S 1 , and its normalizer, which is isomorphic to 0(2) and 
will be denoted as -/Vgo(3) (S 1 ), or simply N^S 1 ) if there is no possible confusion. 

Stabilizers are closed subgroups. Therefore, the possible stabilizers of an S0(3) 
action, up to conjugacy, are the subgroups listed above and SO (3) itself. 

Similarly, up to conjugacy, the closed subgroups of SU(2) are: a collection of 
finite subgroups, again denoted by T, the maximal torus S 1 , the normalizer of the 
maximal torus A r SU (2) {S 1 ), and SU(2) itself. Note that A r su(2)(>5 1 ) is no longer 
isomorphic to 0(2). 

The slice representations we need to consider are linear symplectic representa- 
tions of H on C and those of G on C 3 , where G denotes either SU(2) or S0(3) 
and H denotes S l or Ng{S 1 ). The linear symplectic representations on a complex 
vector space C™ are equivalent to the unitary representations. Therefore, we know 
that the representations of S* 1 on C are characterized by the weights n £ Z, and 
that there is only one effective representation each for SU(2) and S0(3) on C 3 . 

A slice representation p: Ng(S 1 ) — ► U(C) = S 1 is an analytic homomorphism. 
Because S 1 is abelian, the commutator group of NciS 1 ) is in the kernel of p. So the 
kernel of p is either 7Vg , (S' 1 ), or S . The former implies that the slice representation 
is trivial; the latter implies that the slice representation reduces to a Z 2 action such 
that h ■ z = z for h £ S 1 and h ■ z = —z otherwise. 

We fix an inner product on the Lie algebra q of G = SU(2) or SO (3). This 
determines a projection q — > f) and the induced inclusion f)* — > q* for any f) C 
0. We also identify f)* with its image in g* . Since maximal tori in the same 

group are conjugate to each other, we use ( e *" ® ie ) to represent S 1 in SU(2) and 
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( OcosS -sine^ in SO(3) for the standard local models. We fix the identification 

VO sin0 cos0 / 

between g* and R 3 throughout this paper so that the annihilator of the above 

chosen S 1 is identified with — ^ 2 c With these identifications, the 

coadjoint actions of SO(3) and SU(2) are rotations at speed 1 and 2, such that q* 
is fixed by the centers I and Z2 = ± I. 

Corollary 2.3. Let [M, u), <&) be a six dimensional Hamiltonian SU (2) -manifold 
with a moment map <&: M — ► su(2)* ~ R 3 . Assume the action is effective. Then 
for any x e <& _1 (0), the local model for the orbit G ■ x is one of the following: 

(1) Y = SU(2)x r M 3 = { \g,n]\g e SU(2),/x e R 3 , [g,n] = [ga-\Ad^{a)ij\,\Ja e 
T} with &y([9,(j]) = Adft(g)n, where T does not contain Z2 = ±1. 

(2) Y = SU(2) X51 (R 2 x C), where S 1 acts on C with an odd numbered weight 
n, and $ y ([g, fj,, z]) = Ad^(g)(n + %\z\ 2 ). 

(3) Y = C 2 x C = { (u,v,w) \u,v,w e C} ; where SU(2) aefs on C 2 as i/ie 
standard unitary transformations of C 2 to iiseZ/. The moment map on Y 

is &(u,v,w) = ^ — ) Re(uv), Im(uv)j . 

Corollary 2.4. Lef (M, w, <&) fee a six dimensional Hamiltonian SO (3) -manifold 
with a moment map $: M — > so(3)* ~ R 3 . Assume the action is effective. Then 
for any x € $ _1 (0), ifte /oca? model for the orbit G ■ x is one of the following: 

(1) Y = SO(3) x r M 3 , and $y([.g, /*]) = Adt( 5 ) M . 

(2) Y = SO(3)x s i (R 2 xC), where S 1 acts on C with weight n, and $y([<7, fJ-,z]) = 
AS{g){n+l\z\ 2 ). 

(3) y = SO(3) X51 R 2 x C 7 w/iere S* 1 acts trivially on C, and /i], z) = 
Aft fa)/,. 

(4) y = SO(3) x A r (s i ) (M 2 x C), w/iere N{S 1 ) acts on C as N{S 1 )/S 1 ~ Z 2 , 
and z]) = Ad f (g)fi. 

(5) y = SO(3)xjv(5i)R 2 xC, where N(S 1 ) acts trivially on C, and <&r([g, z) = 
Artist. 

(6) y = C 3 = {q + V^Tp\q,p& R 3 } =i T*R 3 , where SO(3) aefs on C 3 = T*R 
through its standard action on R 3 , and the moment map is the vector cross 
product, i.e. <&y(qr,p) = q x p. 

Remark 2.5. For convenience, from now on, we will refer to the local models using 
the expressions appeared in the above corollaries. In particular, the isotropy rep- 
resentations are implied when we use different expressions. For instance, the local 
model C 2 x C has an SU(2) action on the first C 2 while the local model C 3 has a 
canonical SO(3) action. In addition, G Xh (R 2 x C) always has a nontrivial action 
of H on C for G = SU(2) or SO(3) and H = S 1 or A^S 1 ). 

We can read out information from the local models. For example, since any 
moment fiber is connected, and since any orbit is closed, if there is only one orbit 
O € <1> _1 (0) sitting inside a local model, there is only one orbit in <f> _1 (0) and 
therefore <I> -1 (0) is a short fiber. 

Corollary 2.6. Let G be SU(2) or SO(3). Let (M, w,<&) be a six dimensional 
Hamiltonian G-manifold. Assume the zero fiber is short. The local model for the 
single orbit in the zero fiber is either G Xp R 3 , or G x 51 (R 2 x C). 
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Corollary 2.7. Let G be SU(2) or SO(3). Let (M, w, $) 6e a six dimensional 
Hamiltonian G-manifold. Assume an orbit O in $ _1 (0) is nonexceptional. Then 
the local model for O is either SO (3) x„l 2 xC with H = S 1 or N so(3) (S r ), or 
C 2 x C. 

The following theorem from Lerman and Sjamaar [LS] states that the reduced 
space at is stratified: 

Theorem 2.8. Let G act on a symplectic manifold M with a proper moment map. 
The reduced space M — $ _1 (0)/G can be decomposed into a disjoint union of 
symplectic manifolds with respect to the stabilizers, i.e. 

M = [J (M ) H 

H<G 

where (M )# denotes all the orbits in the zero fiber whose stabilizer is conjugate to 
H. 

Moreover, there exists a unique piece (M )h which is open, connected, and dense 
in the reduced space. 

Definition 2.9. The stabilizer H of the unique piece (M )h stated in Theorem 
2.8 is called the principal stabilizer of the zero fiber. 

Corollary 2.10. Let G be SU(2) or SO(3). Let (M,w,$) be a six dimensional 
Hamiltonian G-manifold. Assume that the zero fiber $ _1 (0) is tall. Then the 
principal stabilizer of the zero fiber is either 

• SU(2), when G = SU(2), or 

• S 1 or NatS 1 ), when G = SO(3). 

Corollary 2.11. Let G be SU(2) or SO(3). Let (M,oj,$) be a six dimensional 
Hamiltonian G-manifold. Assume the zero fiber $ _1 (0) is tall. Then 

• there is no exceptional orbit in the zero fiber when G — SU(2); 

• when G = SO (3), if there exists an exceptional orbit in the zero fiber, the 
local model for the exceptional orbit is either SO(3) x n g (s 1 ) R 2 x C or C 3 . 
In this case, the principal stabilizer of the zero fiber is S 1 . 

The list of local models and their properties is important and useful later on. 
We use Table 1 for an easy reference. 

3. Eliminating the symplectic form 

An cquivariant symplectomorphism between two Hamiltonian G-manifolds pre- 
serves the orientations. Using Moser's method [Wl], we show that under appro- 
priate circumstances, we can recover the symplectic form from an orientation pre- 
serving equi variant diffeomorphism that respects the moment maps. This enables 
us to use the techniques in differential topology in later sections. 

Definition 3.1. Let a compact Lie group G act on oriented manifolds M and M' 
with G-equivariant maps $: M — > g* and <f>': M' — > g* . A <fr-G-diffeomorphism 

: M — > M' is an orientation preserving equivariant diffeomorphism such that 
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SU(2) 


local model 
Gxh^xV) 


moment map 
$ 


zero 
fiber 


central orbit 
{[3,0,0]} 


principal 
stabilizer 
of ^(O) 


SU(2) x r K 3 


A*P(g)iJL 


short 


exceptional 


r 


SU(2) x s i (M 2 x C) 




short 


exceptional 




C 2 x C 




tall 


noncxccptional 


SU(2) 


S0(3) 


Zoca/ model 
Gx H (^xV) 


moment map 
$ 


zero 
fiber 


central orbit 
{[3,0,0]} 


principal 
stabilizer 
of ^(O) 


S0(3) x r K 3 


Adl(g)» 


short 


exceptional 


r 


S0(3) x s i (R 2 x C) 




short 


exceptional 


s v 


S0(3) x w(5 i) R 2 x C 




tall 


noncxccptional 


N(S L ) 


S0(3) x s i fxC 


Ad1(g)» 


tall 


noncxccptional 


S l 


S0(3) Xjv (S i) (R 2 x C) 


AdHg)fi 


tall 


exceptional 


S l 


C 3 


qxp 


tall 


exceptional 





Table 1. A list of local models. 



Here we assume a technical condition: 

The restriction map H\N/G) -> iT($ _1 (G • a)/G), i = 1,2 
(3.1) is one-to-one with Z or Z 2 coefficient 

for some neighborhood N of the zero fiber and VaS $(7V) C 0*. 

We will prove later in this paper that such a neighborhood N always exists and 
this condition is satisfied. 

Remark 3.2. Through out this paper, when we mention a neighborhood N of the 
zero fiber, we always assume that N is small enough so that it can be covered by 
invariant open subsets of the local models in Table 1. 

Proposition 3.3. Let G be SU(2) or SO(3). Let (M,w,$) and (M',w',$') be 
neighborhoods of the zero fibers in six dimensional Hamiltonian G-manifolds such 
that € $(M) = $(M'). ^ssitme tftot M and M' satisfy Condition 3.1 and 
that their Duistermaat-Heckman functions coincide. Then there exist neighborhoods 
N C M and N' C M' of the zero fibers such that there exists an equivariant 
symplectomorphism from N to N' if and only if there exists a &-G-diffeomorphism 
from N to N'. 

We prove this with two lemmas. First we recall that a differential form j3 on M 
is basic if it is G-invariant and l(£m)0 = for every £ € g and £m its induced 
vector field on M. The basic forms on M give rise to a differential complex whose 
cohomology coincides with the Cech cohomology of the topological quotient M/G 
(see [K2]). 

Lemma 3.4. Let G be a compact Lie group. Let (N, u>, and (N',u)',$>') be 
neighborhoods of the zero fibers in six dimensional Hamiltonian G-manifolds such 
that G $(JV) = $'(N'). Assume that N and N' satisfy Condition 3.1 and that 
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their Duistermaat-Heckman functions coincide. Then for any <fr-G-diffeomorphism 
f:N^> N', there exists a basic one-form [3 such that d/3 = f*co' — u). 

Proof. Consider the closed two-form Q = f*u>' — u). Since / commutes with the 
group action and both u and u' are G-invariant, SI is also invariant. Using the fact 
that f*u>' and uj have the same moment map $ and i(£/v)aj = — we have 
i(£]v)f2 = for all £ e q. So SI is basic and is a pull-back of a two-form Cj on N/G. 

By Condition (3.1), it suffices to show that the restriction of SI to the reduced 
space $ _1 (G • a)/G is exact at some regular value a <G U. Since the reduced space 
is two dimensional, it is enough to show that the integral of SI over the reduced 
space is zero. That is, the symplectic volumes of the reduced spaces are the same. 
This follows from the fact that the Duistermaat-Heckman functions coincide at a. 

So SI = d[3 for some [3, and we pull back to obtain SI — TT*df3 — d{-K* (3) — d/3, 
where [3 = it* [3 is a basic one-form. □ 



Lemma 3.5. Let G = SU(2) or SO(3) act effectively on a six dimensional manifold 
M . LetujQ anduji be two G-invariant symplectic forms on M with the same moment 
map $ and assume that u>o and u>i induce the same orientation. Then the G- 
invariant two-form u t = (1 — t)uu + tu\ is nondegenerate for all < t < 1 on a 
neighborhood of the zero fiber $ _1 (0). 

Proof. Nondegeneracy is a local condition. To show that u) t is nondegenerate on 
a neighborhood of the zero fiber, it is enough to show that it is nondegenerate on 
the zero fiber. Consider a point x e $ _1 (0) such that the local model for the orbit 
G-x is Y = G x H (f)° x C"). The tangent space at x splits as T X Y = g/f) xt)°x C n . 
The two-form u t at x is then of the form 

/0 I 0\ 

/ * * 
\ * u t J 

where Ut is an iJ-invariant linear symplectic form on C™ and / is the natural pairing 
between the tangent space g/t) and its dual f}°. So the two- form u t is nondegenerate 
if and only if the corresponding cJ t is nondegenerate. 

Case 1: When the local model is G Xr I 3 , the two- form u t — (-il) is 

nondegenerate for all t. 
Case 2: When the local model is G x ff (I 2 x C) orGx ff l 2 xC with 

H = S 1 or NlS 1 ), the two-form Q t is a linear symplectic form defined on 

C and therefore is A t dz A dz for some constant A f . By definition, A 1 = 

(1 — t)A° + tA 1 . Since uo and u\ induce the same orientation, A A 1 > 0. 

So A 1 never vanishes for < t < 1, and uj t is nondegenerate for < t < 1. 
Case 3: When the local model is C 3 , we can translate u t to any other point 

in C 3 . In particular we can translate it to an x in the zero fiber with 5* 1 

stabilizer; see Table 1. Case 2 then applies. 
Case 4: The local model Y is C 2 x C. Let uj and ivi be SU(2)-invariant 

symplectic forms on C 2 x C that have the same moment map and induce 
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the same orientation. Let u>t = (1 — t)u>o + twi- Then u>t can be written as 

3 

uj t = \/— 1 ^ A\dzi A dz~i 

i=l 

+ V^^2 (BljdZi A dzj + Bfjdz, A dz^j 

+ V^T^ ( c h dZi A df j + Wj d ^ A dz j) 

i<j 

Because u) t is invariant under SU(2) action, it is invariant under the trans- 
formations (§§),( f~0 g sine ^ and ( cob j -i^o ) for any _ It follows that 

A\ = A\, and B\- = C*. = for i < j = 3. The induced vector fields for 
the above circle actions are 

v i — Tt ® ® ® ® \ 

X ti = V-l (Zl-5 ~ 1" Z 2TT^) 

az\ az\ 0Z2 0Z2 

d _ d d _ d 

X i2 = Z 1-R V z 2^rr - Zi- h Z\— — 

OZ\ OZ\ OZ 2 OZ2 

1 — t / 9 d d d . 

^ =V ^ {Z2 dz- 1 - Z ~ 2 M +Zl dz~2~ ^dFj 

respectively. Because t(X^)uj t = — direct computation shows that 
the coefficients A\, A 2 , B{ 2 , and C\ 2 are determined by the moment map 
and thus independent of t. 

Note A3 = (l — t)A^+tA\. Since uj andwi induce the same orientation, 
A®Al > 0. So A\ never vanishes and u) t is nondegenerate. 

□ 

Proof of Proposition 3.3. Suppose / is a $-G-diffeomorphism from (M, to 
(M', w', $'). By Lemma 3.4, there exists a basic one-form [3 such that d(3 = f*uj'—ui. 
Consider w t = (1 — t)w + tf*uj' for < t < 1. Then ojo = w and wi = /*u/ have 
the same moment map $ and induce the same orientation. By Lemma 3.5, there 
exist a neighborhood of the zero fiber JVcMon which lo± is nondegenerate. We 
can solve i{Xt)LOt — ~P for the time dependent vector field Xt- Denote ip* the flow 
of this vector field X t satisfying p a = id. Because (d^(X t ),^) = — u>t(^M,X t ) = 
(t(X t )u>t)(^M) — —0(£m) = 0, the flow ip* preserves the fibers of the moment map 
<£>. Since $ is proper, ip* exists for all < t < 1. 

Define F t = f o ip t . Since F t *$' =$'oF t = $'o/o^ t = §o9 t = §,we know 
that F t : N — > N' respects the moment maps for N' = f(N). Since w t and are 
invariant, X t is invariant. So <p* and hence F t is G-equivariant. Finally 

^ (<p*w t ) = p* t L x t ut + <p*t (jjj.ut 

* ( T d 

= ft \ L x t u t + —u> t 

= p* t {dL(X t )uJt -ui + f*uj') 
= p* t (d(-(3) + dp) 
= 
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So ipiWi = <PqOJo = <Pif*u' = {f <pi)*u' = F£uo' = 10 and F\ : N — » N' is an 
equivariant symplectomorphism that respects the moment maps. □ 

4. Passing to the quotient 

In this section, we show that it is enough to work with a specific class of diffeo- 
morphisms of the quotients rather than $-G-diffcomorphisms. 

Let G = SU(2) or SO (3) act on a manifold M. With quotient topology, the 
quotient M/G has a natural smooth structure; a function is smooth if and only 
if its pull-back to M is smooth. A smooth function between quotients is a map 
/: M/G — > M'/G that pulls back smooth functions to smooth functions. A smooth 
function / between quotients is a diffeomorphism if it is smooth and has a smooth 
inverse. If M and M 1 are oriented, the smooth parts of the quotients M/G and 
M'/G can be oriented with a choice of the orientation on G. Whether or not a 
diffeomorphism /: M/G — > M'/G preserves the orientation is independent of that 
choice. 

While this notion of diffeomorphism is natural, we will use a stronger notion of 
$-diffconiorphisms which allows us to have a better control over neighborhoods of 
the exceptional orbits. 

First we observe that when G — SU(2) or SO (3), we can identify the dual of 
its Lie algebra g* with R 3 and its orbit space g*/G under the coadjoint action 
with R + ~ [0, oo). Since the moment map <I> is equivariant, it induces a map 
<f> : M/ G — > R + such that the following diagram commutes: 

M - — - g* = M 3 

(4.1) 

M/G g*/G = R+ 

where p is the norm square |£| 2 and $([m]) = |<&(to)| 2 . 

Definition 4.1. Let G be SU(2) or SO(3). Let M and M' be oriented manifolds 
with G actions and G-equivariant maps <&: M — > g* and M' — > g* . A 
diffeomorphism from M/G to M'/G is an orientation preserving diffeomorphism 
V> : M/G -» M'/G such that 

(1) V*5 7 =$. 

(2) -0 and V' -1 lift to a $-G-diffcomorphism in a neighborhood of each excep- 
tional orbit. 

We start with a series of lemmas. 

Lemma 4.2. Let G be SU(2) or SO(3) and (M,u, $) be a six dimensional Hamil- 
tonian G-manifold. Let Y be a local model for a nonexceptional orbit in the zero 
fiber of the moment map. Let W and W' be invariant open subsets of Y . Let 
f: W/G — > W'/G be a <j>- diffeomorphism. Then f lifts to a $-G- diffeomorphism 
F: W^W. 

Proof. When G = SU(2), the only possible local model for a nonexceptional orbit 
in the zero fiber is Y = C 2 x C. The quotient Y/G can be identified as C 2 /G x 
C. The ^-diffeomorphism /: Y/G — > Y'/G necessarily has the form f([w},z) = 
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([w], if([w], z)) for some diffeomorphism tp: C 2 /G x C ^ C. It locally lifts to a 
$-G-diffeomorpIiism F(w, z) = (to, ip([w], z)) for neC 2 and zeC. 

When G — SO (3), the local model for a nonexceptional orbit is G x# M 2 x C 
with H = S 1 or Ng^S 1 ). The quotient Y/G can be identified as R 2 /H x C. Then 
the <f>-diffeomorphism /: Y/G — > F'/G can be written as f([fj],z) = ([/z], (p([fi\, z)) 
for some R 2 / H xC^C. It locally lifts to a $-G-diffeomorphism /i], z) = 

([ssmL^M^))- □ 

Lemma 4.3. Let G = SU(2) act effectively on a six dimensional symplectic man- 
ifold (M,uj). Assume the action is Hamiltonian and the moment map is Con- 
sider the local model Y = C 2 x C for a nonexceptional orbit in the zero fiber. Let 
F : Y — > Y be an equivariant diffeomorphism that preserves the orbits and respects 
the moment maps. Extend the SU(2) action to U(2). Then there exists a smooth 
invariant function h : Y — > S 1 such that F(y) = h(y) ■ y where the S 1 action on Y 
is induced by U(2) on C 2 . 

Proof. Let F: Y —* Y be an equivariant diffeomorphism that preserves the orbits 
and respects the moment maps. Identify the local model for a nonexceptional orbit 
as Y = C 2 x C. Then F takes (w,z) to some (w',z') and the following diagram 
commutes, 

C 2 x C — - C 2 x C 



C 2 /G x C — ^— C 2 /G x C 

where ir(w, z) = ([to], z). Therefore z' = z, and to' = hw for some h £ U(2). Since 
F is equivariant, hgw — ghw for all g in SU(2). And hence h belongs to the center 
of U(2), i.e., he S 1 . □ 

Lemma 4.4. Let G denote SU(2). Let (N,w,$) and (N',u',&) be neighborhoods 
of tall zero fibers in six dimensional Hamiltonian G-manifolds. Assume that N 
and N' satisfy Condition 3.1 and their Duistermaat-Heckman functions are the 
same. Then every $- diffeomorphism from N/G — > N'/G that locally lifts to a 
(fr-G- diffeomorphism globally lifts to a $-G- diffeomorphism. 

Proof. Assume ip: N/G — ► N'/G is a ^-diffeomorphism. Choose an open invariant 
cover U of N such that U l n <i> _1 (0) ^ for each XJ l e Take a refinement 
if necessary, we can assume that each Ui is an invariant open subset of the local 
model C 2 x C; sec Table 1. By Lemma 4.2, ip locally lifts to a $-G-diffcomorphism 
Ui — + iV' for each f7j. By Lemma 4.3, there exists smooth invariant functions 
/ij : U n Uj — > S 1 such that = fij ■ $>j. The collection of {fij} form a Cech 
cocycle g onU with coefficient in S 1 . If the corresponding class [g] £ H 1 (N/G, S 1 ) 
is trivial, ip lifts to a global $-G-diffeomorphism. 

The short exact sequence 0-^Z^M^5 1 ^0 determines a long exact 
sequence in cohomology. Since there exists a smooth partition of unity on N/G, 
HHN/G-M) = for all i > 0. In other words, H 1 {N/G; S 1 ) = H 2 (N/G:Z). 
According to Condition 3.1, the restriction H 2 (N/G;Z) — > _fP(£;Z) is one-to-one, 
where S = $ _1 (G ■ a)/G — &~ 1 (a)/S 1 is a regular reduced space; we only need to 
show that the image of [g] in i? 2 (S;Z) vanishes. Let {Aj} be a partition of unity 



COMPLEXITY ONE HAMILTONIAN SU(2) AND SO(3) ACTIONS 



13 



subordinate to the cover U n $ The Cech-de Rham isomorphism takes the 

image of [g] to the cohomology class of the basic differential two-form 

(4.2) EjdXjg^dgij 

when restricted to the open set Ui n <& (a). It is equal to the difference between 
the curvature form d<d and the pullback ^*dQ', where 9' is a connection one- 
form on <& /_ (a) and 9 = ^Ai^*9' is a connection one-form on The 
integrals of the curvature forms over the reduced spaces are equal to the slopes of the 
Duistermaat-Heckman functions at a. Since the Duistermaat-Heckman functions 
are the same, (4.2) is exact as a basic form and [g] = 0. □ 

Lemma 4.5. Let G = SO(3) act effectively on a six dimensional symplectic mani- 
fold (M, lu). Assume the action is Hamiltonian and the moment map is Consider 
the local models for nonexceptional orbits of the zero fiber Y = SO(3) Xjfl 2 xC 
with H — S 1 or N(S 1 ). Let F: Y — > Y be an equivariant diffeomorphism that 
preserves the orbits and respects the moment maps. Then there exists a smooth 
invariant function h: Y — > N{S r )/H such that F(y) = h(y) ■ y where the action is 
induced by the extension of the H action on SO(3) x R 2 x C to an action of N(S 1 ). 

Proof. Let F: Y — > Y be an equivariant diffeomorphism that preserves the orbits 
and respects the moment maps. Identify the local model for a nonexceptional orbit 
as Y = (SO(3) x H M 2 ) x C where H = S 1 or N^S 1 ). Then F takes ([g,/j],z) to 
some ([</,//], z') and the following diagram commutes, 

(SO(3) x fl I 2 )xC — ^— (SO(3) x ff l 2 )xC 



R 2 /H x C R 2 /H x C 

where ir{[g, (i\,z) — (\p], z). Since F is equivariant, g' — gh for some h in SO(3). F 
respects the moment maps, so Ad^(g)n = Ad)(g')n' and /i' = g'~ 1 g[i = h~ 1 g~ 1 g[i = 
/i"V Since [n'\ = [fi] = [ft" 1 /*], h € NiS 1 ). Now [gh, = [g,(4 if he H. 

Hence F([g,iJ\,z) = {[gh, h' 1 fj], z) where h: Y -» NiS^/H. □ 

Definition 4.6. For any real n dimensional vector bundle ir: W — ■> X, there exists 
an associated orientation bundle p: X — > X, whose fiber over a point x is the two 
ways to orient 7r _1 (a;). This is a two-sheeted covering, and Cech cocycles provide 
a convenient way to construct it. Choose an open cover hi = {U a } of X with 
trivialization maps tp a : U a x R™ — > 7r _1 ([/ Q ). The Jacobian determinants of the 
change of fiber coordinates from R n to M™ have a locally constant sign, which gives 
a locally constant function from U a ClUp to 'Li . The chain rule for Jacobians implies 
that this is a cocycle. It determines an element w\{W) G H 1 (X; Z 2 ), called the first 
Stiefel- Whitney class of W. In a similar fashion, we can construct the associated 
orientation bundle and define the first Stiefel- Whitney class of any fiber bundle W 
over a manifold X provided that the fiber of W is connected and orientable. 

In particular, when the zero fiber of a Hamiltonian SC(3)-manifold is tall, and 
when the principal stabilizer of the zero fiber is S 1 , the zero fiber $ _1 (0) is a 
sphere bundle over the reduced space off the exceptional orbits. Let E — {Ej} 
denote the set of exceptional orbits in the zero fiber. Let Mg Cg denote the smooth 
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part of the symplcctic quotient at 0, i.e., M rog = ($ _1 (0) \ E)/G. Then Mp eg 
is diffcomorphic to S \ {finitely many points}, where E = $ _1 (0)/G is a closed 
connected oriented surface. Through the orientations on the fiber spheres, $ _1 (0) 
induces an associated orientation bundle on Mq° s , and the first Stiefel- Whitney 
class in H 1 (M I cg ;Z 2 ). 

Lemma 4.7. Let G denote SO(3). Let (N,u,®) and (N',w',&) be neighbor- 
hoods of zero fibers which satisfy Condition 3.1 in six dimensional Hamiltonian 
G-manifolds. Assume that the zero fibers are tall with the same principal stabi- 
lizer, and that they have no exceptional orbits. Then every Q-dijfeomorphism from 
N/G —> N'/G that locally lifts to a ^-G-dijfeomorphism globally lifts to a <3>-G- 
diffeomorphism if one of the following condition holds: 

(f ) the principal stabilizer of the zero fibers is N(S ' ); or 

(2) the principal stabilizer of the zero fibers is S 1 and the first Stiefel- Whitney 
class on$ _1 (0) — > <I> _1 (0)/G equals the pull-back of the first Stiefel- Whitney 
class on $' _1 (0) -» $ /_1 (0)/G. 

Proof. Assume tp: N/G — ► N'/G is a $-diffcomorphism. Choose an open invariant 
cover U of N such that U l n <& _1 (0) ^ for each U l e U. Take a refinement 
if necessary, we can assume that each Ui is an invariant open subset of the local 
model Gx/ftfxC where H is S 1 or N(S 1 ); see Table 1. By Lemma 4.2, -0 locally 
lifts to a $-G-diffcomorphism Ui — > A/ 7 . By Lemma 4.5, there exists smooth 
invariant functions fij : Ui n ETj — > N^S 1 )/!! such that *j = • tyj where H = S 1 
or NiS 1 ). 

Case 1: H = N(S 1 ). Then is the identity for all i,j and *j = ^ on 
f/i n f/j . Therefore ip lifts globally. 

Case 2: H = S 1 . The set {/^} defines a Cech cocycle / E C 1 (U;Z 2 ). Then 
there exists a global lift if the class [/] G H 1 (N / 'G;Z 2 ) is trivial. By 
Condition 3.1, the restriction H 1 (N/G;Z 2 ) -» ff 1 ^ -1 ^)/^ Z 2 ) is one- 
to-one. It suffices to show that the image of [/] in _ff 1 ($ _1 (0)/G; Z 2 ) is 
trivial. 

Let X = fc-^OVG and X' = $' _1 (0)/G. Let tt: 1 -> X and tt' : X' -> 
X' be the associated orientation bundles described in Definition 4.6. Refine 
the cover if necessary so that we have a good cover (simply connected, 
locally path connected, and each intersection is connected), again denoted 
by U, on $- 1 (0)/G and W = ip{U) also a good cover on $ /_1 (0)/G. Let 
<Pi m . 7T _1 (C/i) — > C7f x Z 2 and n'~ (U<) — > t/ t ' x Z 2 be the trivialization 
maps for these two bundles subject to the good covers. Let {g%j} and {g[j} 
be the transition functions for {<Pi} and {<^}. Then {gij} is a Cech cocycle 
for the first Stiefel- Whitney class ioi($ _1 (0)) and {^} for wi($' _1 (0)). 

The proof of Lemma 4.5 implies that there exists a constant function 
hi: Ui — > Z 2 induced by the restriction of a local <&-G-diffeomorphism 
to the zero fiber, /ij maps (x,t) e f/j x Z 2 , a local chart of the associated 
orientation bundle, to hi+t) € f/ 8 'xZ 2 . Then hi+g^jip— hj— = fij. 

The class [/] vanishes exactly when the first Stiefel- Whitney classes are the 
same. 



□ 
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Example 4.8. Consider any Riemann surface S of genus k, and any wi £ H 1 ^; Z2). 
Let P — > £ be a principal Z2 bundle whose first Stiefcl- Whitney class is w\ . Con- 
sider the associated bundle M = P x% 2 T*S 2 where the Z 2 action on T*S 2 is the 
lifted action induced by the antipodal map on the sphere. There exists a symplectic 
form on M and a corresponding moment map. Up to equivariant diffeomorphisms, 
M is determined by tci and k. The zero fiber is P x% 2 5 2 , a sphere bundle that 
determines wi, and the quotient Mj SO(3) = S x M + determines the genus. 

Lemma 4.9. Let G denote SO(3). Let (N,u,$) and (N',u',&) be neighbor- 
hoods of zero fibers which satisfy Condition 3. 1 in six dimensional Hamiltonian G- 
manifolds. Assume that the zero fibers are tall and that there exist exceptional orbits 
E = {Ej} on the zero fiber 0/ $ and E' = {Ej} of <J>'. Every Q-diffeomorphism 
from N/G — > N'/G that locally lifts to a <&-G-diffeomorphism globally lifts to a 
Q-G-diffeomorphism if the first Stief el- Whitney class for <& _1 (0) \ E — ► - — 
equals the pull-back of the first Stiefel- Whitney class for <f>' _1 (0) \ E' — > — — ^ nE . 

Proof. The assumption that there exist exceptional orbits implies that the principal 
stabilizers of the zero fibers are S 1 . After passing to a suitable finer covering 
U = {Ui} if necessary, we can assume that on $ _1 (0)/G, each Ui is simply connected 
and locally path connected, and that Ui n Uj contains no exceptional orbits. We 
then apply a similar argument as before on $ _1 (0) \ E. □ 

Remark 4.10. There are two types of exceptional orbits that can occur in a tall 
zero fiber with S 1 stabilizer. 

The first type of the exceptional orbits are the isolated fixed points in <3> _1 (0). 
It corresponds to {0} in the local model Y = C 3 ~ T*M 3 = {(q,p)}. Define the 
map 



»2 



{0} 



SO(3) 

by (liP) l— * orbit(q,p) = orbit(u, 0, 0, v, 0, 0) 1— > [u,v] — [r,9] 1— > (r,29). Let / 
denote the interval [0, 7r]. Then there exists a commutative diagram 

IxS 2 



IxS 2 



(0, x) ~ (tt, —x) 



where f(t, x) = (fcost)x, (sint)x) induces a homeomorphism g. In other words, the 
product of the values of the {fij} defined in Lemma 4.5 as one moves along a loop 
around E/G in $ _1 (0)/G is the nontrivial element in Z2. 

The second type of the exceptional orbits are those whose stabilizer is N(S 1 ) 
and whose local model is SO(3) Xnis 1 ) i^ 2 x C). The local model immediately 
implies that the product of the values of the {fij} defined in Lemma 4.5 as one 
moves along a loop around E/G in $ _1 (0)/G is the nontrivial element in Z2. 

In fact, blowing up an isolated fixed point gives us an exceptional orbit of the 
second type. 
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Proposition 4.11. Let G denote SU(2) or SO(3). Let (N,uj,<S>) and (N',u',&) 
be neighborhoods of tall zero fibers in six dimensional Hamiltonian G-manifolds. 
Assume that N and N' satisfy Condition 3.1 and that their Duistermaat-Heckman 
functions are the same. Assume that the zero fibers $ _1 (0) and <j>' (0) have 
the same principal stabilizer and the same first Stiefel- Whitney class when appli- 
cable. Then every ^-diffeomorphism from N/G to N'/G globally lifts to a $-G- 
diffeomorphism. 

Proof. This is a direct result from Lemmas 4.2, 4.4, 4.7, and 4.9. □ 

5. The topology of the quotient 

Let G be SU(2) or SO(3). Let (N,u,$) and (N',u',&) be neighborhoods of tall 
zero fibers that satisfy Condition 3.1 in six dimensional Hamiltonian G-manifolds. 
By Propositions 3.3 and 4.11, we have shown that as long as N and N' have the 
same Duistermaat-Heckman function, and their zero fibers have the same principal 
stabilizer as well as the same first Stiefel- Whitney class, N and N' are isomorphic 
if their quotients N/G and N'/G are O-diffeomorphic. In the following sections, 
we will show that the isotropy data and the genus determine the quotients up to 
<f>-diffcomorphisms. First, we describe the topology of the quotients. 

Proposition 5.1. Let G be SU(2) or SO(3) and let (N,u,$) be a G-invariant 
neighborhood of the zero fiber in a six dimensional Hamiltonian G-manifold. As- 
sume that the zero fiber is tall. The quotient N/ G is topologically a manifold with 
boundary. In particular, each reduced space $ -1 (G • a)/G is topologically a closed 
connected oriented surfaces for a £ $(7V). 

Proof. By the Local Normal Form Theorem 2.1 and Lemma 5.2 below, the quotient 
N/G is topologically a manifold with boundary. 

By the Local Normal Form Theorem 2.1 and Corollary 5.3, the reduced space 
is a topological surface. Since the moment map is proper and since every moment 
fiber is connected, <j> _1 (G • a)/G is closed and connected. It is oriented since the 
symplectic structure induces an orientation. □ 

Lemma 5.2. Let G be SU(2) or SO(3). Identify g*/G withR + . Let(M,w,®) be a 
six dimensional Hamiltonian G-manifold with a tall zero fiber. For any local model 
Y of an orbit in $ _1 (0), there exists a map 

Fy = (iy,Fy) : Y/G -» R+ x C 

homeomorphic into its image, where $y : Y/G — ► M+ is induced by the moment 
map, and Py is induced from a G-invariant map Py : Y — ► C. 

We call such an Fy a trivializing homeomorphism of the local model Y. 

Corollary 5.3. The restriction of Fy to the reduced space is a homeomorphism 
for all a such that \a\ 2 £ imagery = image \&y\ 2 . 

Proof of Lemma 5.2. Table 2 gives one collection of trivializing homeomorphisms 
for all possible local models when the zero fiber is tall (cf. Table 1). It is easy to 
verify that each Fy consists of the norm square of the moment map and a map 
Py : Y/G — > C induced from a G-invariant map Py : Y — > C. 

For the case Y = C 3 = { (x, y, z) = q + p\f^\ \x,y, z £ C, q = Re(x, y,z), p = 
lm(x, y, z) }, it is easier to consider Fy as a composition of two functions. Consider 
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Local model Y 


Trivializing homeomorphism F Y 


SO(3) x s i PxC 


F Y [[g,n},z] = (\tf,z) 


SO(3) x N(s i) xtf x C 


F Y [\ g ,n],z] = (\tf,z) 


SO(3) x N(s i) (M 2 x C) 


F Y [[g,^z}} = (\ fJ ,\ 2 ,z 2 ) 


C" = {q + V-lp} 


F Y [q,p] = (\qxp\ 2 ,\qf-\p\ 2 ,2(q,p)) 


C 2 x C 


F Y [w,z] = (\\w\ 2 ,z) 



Table 2. Trivializing homcomorphisms. 



the map F 1 : C 3 /SO(3) -» R 3 given by F^fap]) = (\q\ 2 , \p\ 2 , (q,p)) and the map 
F 2 : R 3 -» K+xCgivenbyF 2 (a,/3,7) = (a/3- 7 2 , a-/3, 2 7 ). We define Fy = F 2 oFi 
so that F Y ([q,p\) = (\q x p| 2 , \q\ 2 - \p\ 2 , 2(q,p)), or equivalcntly, F Y ([x,y,z}) = 
(\(yz — yz, zx — zx, rcy — xy)\ 2 , x 2 + y 2 + z 2 ). 

The component functions of F\ generate the SO(3)-invariant functions on C 3 . It 
is one-to-one, continuous and proper. Hence it is a homeomorphism from C 3 / SO(3) 
into its image in IR 3 , which is a solid half cone a > 0,/3 > 0, a/3 > r ) 2 . Since 
F2 1 (a, b, c) = (5(6 + V4a + b 2 + c 2 ), + V4a + & 2 + c 2 , f ) is continuous, F 2 is 
a homeomorphism from the solid cone to its image in K + x C. Therefore F = F20F1 
is also a homeomorphism. 

In each of the other cases, routine checks show that F Y is well-defined, bijective, 
continuous and proper. It follows that F Y is a homeomorphism. □ 

6. The smooth structure on the quotient 

In this section we study the smooth structure on the quotient. By a theorem 
of Schwarz [Schl], any invariant smooth function can be expressed as a smooth 
function of real invariant polynomials. Using this fact, wc show that the trivializing 
homeomorphism defined in Table 2 in the previous section is a diffeomorphism on 
the complement of the exceptional orbits. 

Let G be SU(2) or SO(3) and let (M, u>, $) be a six dimensional Hamiltonian 
C7-manifold with a tall zero fiber. First we list all the exceptional orbits in the local 
models of an orbit in the zero fiber: 



Local model 


Exceptional orbits 


SO(3) x s i M 2 x C 


none 


SO(3) x N(s i) xM 2 x C 


none 


SO(3) x N(s i) (M 2 x C) 


{[S,M,0]} 


C 3 


{0} 


C 2 x C 


none 



Table 3. Exceptional Orbits. 



Lemma 6.1. Let G be SU(2) or SO(3) and {M,oj, $) be a six dimensional Hamil- 
tonian G-manifold such that G <E>(M). Assume that the zero fiber is tall. Let Y 
be a local model of an orbit in the zero fiber and F Y its trivializing homeomorphism 
defined in Table 2. Then on the complement of the exceptional orbits, F Y is a 
diffeomorphism. 
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Corollary 6.2. Let G be SU(2) or SO(3) and (M, ui, $) be a six dimensional Hamil- 
tonian G -manifold such that € <£>(M). Assume that the zero fiber is tall. Let Y be 
a local model of an orbit in the zero fiber and Fy its trivializing homeomorphism de- 
fined in Table 2. Then the restriction of Fy to the reduced space on the complement 
of the exceptional orbits is also a diffeomorphism. 

Proof of Lemma 6.1. This is an application of Schwarz [Schl] and a result of direct 
computation. Wc will prove for the local model C 3 as an example. 

As in the proof of Lemma 5.2, for Y = C 3 , the trivializing homeomorphism 
Fy is the composition F2 o F\, where F\ : C 3 / SO (3) — > R 3 is given by Fi([q,p]) = 
(|5| 2 ,|P| 2 ,(9,P)) andF 2 : R 3 -» R+ x C is given by F 2 (a, (3, 7) = (a/3- 7 2 , a-0, 2 7 ). 
By Schwarz, F\ pulls back smooth functions to smooth invariant functions. The in- 
verse^ 1 is given by KT 1 (a, 6, c) = (±(&+V4a + b 2 + c 2 ), \{-b+\/Aa + b 2 + c 2 , §). 
By direct computation, F 2 ~ 1 is smooth except when 4a + b 2 + c 2 = 0, i.e., when 
a = b = c = 0. So F 2 is a diffeomorphism except when a — (3 = 7 = 0. So Fy is a 
diffeomorphism except at q = p = 0, the exceptional orbit. 

□ 

7. The SU(2) case 

Let G be SU(2) and (M, u>, $) be a six dimensional Hamiltonian G-manifold with 
e $(M). Assume that the zero fiber <i> _1 (0) is tall. By Table 1, the principal 
stabilizer of <I> -1 (0) is SU(2) and the local model of every orbit in the zero fiber is 
Y = C 2 x C. By Table 3, there is no exceptional orbits. Sections 5 and 6 show 
that the trivializing homeomorphism is a diffeomorphism. Near the zero fiber, the 
quotient M/G is a smooth manifold with corners since Y/G is diffeomorphic to 
|$(M)| 2 x C. 

Restricting to a smaller neighborhood V of G Q*, the norm square of the 
moment map $ = |<I>| 2 is a proper submersion; there is a diffeomorphism from 
fc-^Vj/G to (|$(M)| 2 ny) x (S-^OJ/G). In particular, \<£(M)\ 2 r)V is an interval 
and &~ 1 (V) satisfies Condition 3.1. 

The reduced space $ _1 (0)/G is a Ricmann surface, and is determined by its 
genus. 

Therefore, the genus of the zero fiber determines &~ 1 (V) up to $-diffcomorphisms. 
Shrink V if necessary, by Propositions 4.11 and 3.3, we have the following version 
of Theorem A for SU(2): 

Proposition 7.1. Let G be SU(2). Let (M,w,$), and (M',w',&) be compact 
connected six dimensional Hamiltonian G -manifolds such that € $(M) = <&'(M'). 
Assume that the zero fibers are tall. Then there exists an invariant neighborhood V 
of in q* over which the Hamiltonian G-manifolds are isomorphic if and only if 

• their Duistermaat-Heckman functions coincide on V, and 

• their genus at are the same. 

8. Grommets 

Let G be SO (3) and (M, u>, $) be a six dimensional Hamiltonian G-manifold with 
£ <&(M). Assume that the zero fiber $ _1 (0) is tall. According to Table 1, there 
are more than one possible local model for an orbit in the zero fiber. In particular, 
some local models have exceptional orbits. 
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The arguments in the previous section fail near the exceptional orbits. Sections 
8-11 are dedicated to deal with this problem. The techniques used here are adapted 
from [KT1]. 

We start by defining charts at every exceptional orbits so that we can fix the 
smooth structure later. 

Definition 8.1. Let G be a compact Lie group and let (M, u>, $) be a complexity 
one Hamiltonian G-manifold with € <f>(M). A grommet over is a <3>-G- 
diffeomorphism tp: D — > M where D is a G-invariant open subset of a local model 
y = Gx ff ([) l) xl / )ofan orbit in the zero fiber. 

Definition 8.2. Let G be SO(3) or SU(2), and let (M,w,$) be a six dimensional 
Hamiltonian G-manifold with £ <£>(M). Let Y be a local model of an orbit in the 
zero fiber. The exceptional sheet in Y is the subset 

S={\g,fi,z]eGx H (i) xV)\P Y ([g,»,z}) = 0} 

where P Y is the component function of the trivializing homeomorphism defined in 
Table 2. 

Remark 8.3. The exceptional orbits are always in the exceptional sheets. How- 
ever, the exceptional sheets might include nonexceptional orbits. For example, the 
exceptional sheet of the local model Y = C 3 has a nonexceptional orbit in every 
^ Y (G-a) fora^Oe & Y (Y). 

Definition 8.4. Let G be SO(3) or SU(2), and let (M,w, <&) be a six dimensional 
Hamiltonian G-manifold with £ <£>(M) = U. Let ip: D — > M be a grommet over 
where D is a G-invariant open subset of a local model Y = G x h (f)° x V) of 
an orbit in the zero fiber. The grommet tp is wide if D contains its part of the 
exceptional sheet. That is, <i>y 1 (J7) D S C D. 

Wide grommets with pairwise disjoint closures ensure that the exceptional sheets 
in different local models are separated. The following lemma states that we can 
always find such grommets over 0: 

Lemma 8.5. Let G be SO(3) or SU(2), and let (iV, w,<f>) be a neighborhood of the 
zero fiber in a six dimensional Hamiltonian G-manifold with £ $(N). Assume 
that the zero fiber is tall. Let {Ej} denote the exceptional orbits in $ _1 (0). After 
replacing N by the preimage of some G-invariant neighborhood ofO in $(iV), there 
exist wide grommets ipj : Dj — > N over such that ipj({[g, 0, 0]}) = Ej and ipj(Dj) 
have pairwise disjoint closures. 

Proof. By Local Normal Form Theorem 2.1, there is a local model Yj for each 
exceptional orbit Ej £ <1> -1 (0) with a moment map $j : Yj ^0*. We can choose 
grommets tpj : Dj C Yj — > N such that ipj{{[g, 0,0]}) = Ej. 

By Lemma 5.2 and Definition 8.2, the restriction of the norm square of the 
moment map <F,- to Sj/G is a homeomorphism onto its image. So there exists a 
G-invariant neighborhood Wj of £ g* such that Sj n Dj = Sj §j 1 (W j ). Let 
W = f| Wj, and replace N by N n ^(W) and Dj by Dj n ^(W). Then the 
grommets are wide. 

Since each ipj(Sj n Dj) is closed, ipi(Si n Di) n ipj(Sj fl Dj) is closed in N. It 
does not intersect $ _1 (0) since the exceptional orbits in the zero fiber are isolated. 
Because the moment map is proper, we can find a G-invariant neighborhood V C W 
of such that ^~ 1 (V) does not intersect any of these intersections. 
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Replace N by iVn$ _1 (F) and Dj by DjHQ^ 1 ^). The grommets V> are still wide 
and ip(Sir\Di)r\ipj(Sjr\Dj) is empty. Shrinking each Dj to a smaller neighborhood 
of Sj n Dj, we obtain wide grommets with pairwise disjoint closures. □ 

9. Flattening the quotient 

Let G be SO (3) and (M, be a six dimensional Hamiltonian G-manifold 

such that <G <&(M). In this section, we show that the quotient M/G near the zero 
fiber is topologically a surface bundle. We find a homeomorphism between $ _1 (V) 
and (|<I>(M)| 2 n V) x ($ _1 (0)/G) for some G-invariant neighborhood V of in g*. 
Away from the exceptional sheets (see Definition 8.2), this homeomorphism is a 
diffeomorphism. Near the exceptional sheets, it is determined by the grommets. 

Definition 9.1. Let G be SO(3) and (M, u, <&) be a six dimensional Hamiltonian 
G-manifold such that € <&(M). Assume that the zero fiber is tall. Let Y denote 
the local model Gxh (q° xV) of an orbit in the zero fiber. A standard flattening 
of Y is the map 

5: Y/G -» (imagery) x ($- 1 (0)/G) 

given by 



-C 



•IV, Po'oPy" 



where $y is induced by the moment map, and Py : Y/G — > C and P : (0)/G — > 
C are the component functions of the trivializing homeomorphisms defined in Sec- 
tion 5, Tabic 2. 

By Lemma 5.2 and Corollary 5.3, the standard flattening is a homeomorphism. 
By Lemma 6.1 and Corollary 6.2, it is a diffeomorphism away from the exceptional 
sheet. 

Definition 9.2. Let G be SO(3) and (N, ui, 3>) be a neighborhood of the zero fiber 
in a six dimensional Hamiltonian G-manifold such that G $(iV). Assume that 
the zero fiber is tall. The flattening of N about consists of 

(1) a homeomorphism 5: N/G — > (image <f>) x ($ _1 (0)/G), and 

(2) a wide grommet i[>j : Dj — > N at each exceptional orbit Ej in $ _1 (0) such 
that ipj({[g, 0, 0]}) = Ej, where Dj is a G-invariant open subset of a local 
model G Xh (f)° x V") of an orbit in the zero fiber, 

such that the following two conditions are satisfied: 

(1) 5 is a diffeomorphism on the complement of the exceptional sheets; that is, 

5: N/G \ Ujtpj(Sj n Dj)/G -» (image!) x ($ _1 (0) \ UjEj)/G 

is a diffeomorphism. 

(2) Near the exceptional sheets, 5 is the standard flattening of the local models; 
namely, the following diagram commutes: 

Dj/G-tR+x^Ojn^/G) 

4>j (id,j/>,) 



iV/G K+ x ($- 1 (0)/G) 
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where ipj : Dj/G — ► N/G is induced by the grommets, <&., is the moment 
map on the local model Yj D Dj, and Sj : Yj/G — » (image $,) x (&J 1 (0)/G) 
is the standard flattening of Yj . 

The following proposition asserts that a flattening about always exists. 

Proposition 9.3. Let G be SO(3) and (M,u, $) be a six dimensional Hamiltonian 
G '-manifold such that £ <£>(M). Assume that the zero fiber is tall. Then there 
exists a G-invariant neighborhood V of in <&(M) such that <£> _1 (V) admits a 
flattening about 0. 

Proof. Let {Ej} denote the exceptional orbits in the zero fiber. By Lemma 8.5, 
there exists a G-invariant neighborhood V of in <1>(M) and wide grommets 
ipf. D 3 -» fc-^V) = TV such that 0, 0]}) = £y and Vj(-Dj) nave disjoint 

closures in AT. 

The grommets together with the standard flattening Sj of the local models Yj 
define a partial flattening S such that the following diagram commutes. 

Dj/G — 5 -^—- R+ x ((^^(O) n Dj)/G) 

(id,? 3 ) 

U$ADj/G) — — R+ x (S-^OVG) 



By Lemma 6.1, $: N/G \ Uip j(Dj n Sj)/G — ► (imaged) is a submersion on 
the complement of the exceptional sheets. The partial flattening <5 defined above 
then determines an Ehrcsmann connection on the open set \Aipj{Dj \ Sj)/G. This 
connection can be extended on the entire complement of the exceptional sheets with 
a partition of unity. Using the parallel transport 7 associated with the connection, 
we define 6(p) = ($(p), j(p)) for all p £ iV/G. □ 



This has a few immediate corollaries: 



Corollary 9.4. Let G be SO(3) and (M, w,<&) fee a six dimensional Hamiltonian 
G-manifold with £ <&(M). Assume that the zero fiber is tall. There exists a G- 
invariant neighborhood V of in <&(M) smc/i iftai $ _1 (V)/G — > M + is topologically 
a surface bundle. 

Corollary 9.5. Let G be SO(3) and (M, w, $) &e a six dimensional Hamiltonian 
G-manifold with € $(M). Assume that the zero fiber is tall. Then all the reduced 
spaces $ _1 (G ■ a)/G have the same genus for a sufficiently close to 0. 

Corollary 9.6. Let G be SO(3) and (M, u, $) be a six dimensional Hamiltonian 
G-manifold with £ $(M). Assume that the zero fiber is tall. Then there exists a 
G-invariant neighborhood V of in g* such that the restriction map 

ir^ivyG) -» H*(^-\G ■ a)/G) 

is an isomorphism for all a £ V. In particular, ^~ 1 (V) satisfies Condition 3.1. 
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10. The associated marked surface 

Let G be SO (3) and (M, be a six dimensional Hamiltonian G-manifold 

with € $(M). Assume that the zero fiber is tall. Then the reduced space $ _1 (0) 
is topologically a surface. We can give it a smooth structure according to the 
grommets on M. We first define a grommet on a surface. This is simply a notion 
for a coordinate chart at a marked point. 

Definition 10.1. Let £ denote a closed oriented surface. A grommet at a point 
q e £ is a diffcomorphism ip: B — > £ where B is a neighborhood of in C and 
<P(0) = Q- 

Definition 10.2. Let £ and £' be closed oriented surfaces with labelled marked 
points {qi} C £ and {g-} C £'. Let ^ and denote the grommets at these 
marked points. Assume that and q[ have the same labels for all i. An orientation 
preserving diffcomorphism g : £ — > S' is rigid if for all i 

(1) g(qi) = Qi ; 

(2) tp'^ 1 o ^ o ipi is a rotation on some neighborhood of G C. 

Lemma 10.3. Lef £ and £' oe closed oriented surfaces with labelled marked points 
{qi} C £ and {g-} C E'. Let ^ and denote the grommets at these marked points. 
Assume that qi and q[ have the same labels for all i and that E and E' have the 
same genus. Then every bisection from the marked points {qi} to the marked points 
with the same labels {q^} extends to a rigid map from E to E'. 

Proof. This uses standard techniques in differential topology. For details, see for 
example [Ko]. □ 

Remark 10.4. Let G be SO(3) and (M, u>, $) be a six dimensional Hamiltonian 
G-manifold. Assume that the zero fiber is tall. Let ip : D — > M be a grommet over 
where D is a G-invariant open subset of a local model G Xh (f)° x V) of an orbit 
in the zero fiber. Assume that tp({[g, 0, 0]}) = O C $ _1 (0). Then the grommet 
ip induces a coordinate chart on the reduced space <& -1 (0)/G. Explicitly, the map 
Po : {D ("I $y 1 (0))/G — > C given by the trivializing homcomorphism in Table 2 
is a homcomorphism onto its image B. And 95 = V o P : B -» ^-^O)^ is a 
homeomorphism onto its image such that (ys(0) = O/G, where D/G — ► M/G is 
induced by ^. 

Definition 10.5. Let G be SO(3) and (N, ui, $) be a G-invariant neighborhood 
of the zero fiber in a six dimensional Hamiltonian G-manifold. Assume that the 
zero fiber is tall. For each exceptional orbit Ej in <f> -1 (0), let ipj : Dj — > N be the 
grommet over such that ^'({[5,0,0]}) = Ej. The associated marked surface 
of N consists the following data: 

(1) The connected oriented topological surface E = <f> _1 (0)/G. 

(2) The set of marked points {qj} € E corresponding to the exceptional orbits 
{Ej} e $ _1 (0); i-e. for each j, q 3 = Ej/G. 

(3) The smooth structure on E given by the following coordinate charts. For 
each exceptional orbit Ej in $ _1 (0), take the given grommet. For each 
nonexceptional orbit O in $ _1 (0), choose an arbitrary grommet such that 
ip{{[g, 0, 0]}) = O. For each grommet, take the induced coordinate chart as 
described in Remark 10.4. 
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(4) The grommcts on E at the marked points {qj} given by the above coordi- 
nate charts. 

(5) A label at each marked point qj describing the isotropy representation of 
the corresponding exceptional orbit Ej. 

11. DlFFEOMORPHISM BETWEEN QUOTIENTS 

Here we show that a diffeomorphism between the associated marked surfaces 
that behaves nicely near the marked points induces a <l>-diffeomorphism between 
the quotients. 

Proposition 11.1. Let G be SO(3) and let (N,u,$) and (N',lu',&) be neigh- 
borhoods of the zero fibers in six dimensional Hamiltonian G-manifolds such that 
G $(7V) = $'(7V'). Assume that the zero fibers are tall and have the same prin- 
cipal stabilizer. Assume that N and N' admit flattenings about 0. Let E and E' 
denote the associated marked surfaces of N and N' respectively. Then any rigid 
map h: E — > E' extends to a $- diffeomorphism H: N/G — > N'/G. 

Proof. If there exists a rigid map h: E — ► E', the labels of the marked points on 
E and E' are the same. Topologically, $" 1 (0)/G = E and $' _1 (0)/G = E', so the 
isotropy data at are the same for N and N'. Let $ and <&' be the norm squares 
of the moment maps. We know that image $ = imaged'. 

Let 6 and 8' denote the homeomorphisms given by the flattenings of N and N' 
about 0. We define H = 8'~ o (id, h) o 8 so that the following diagram commutes: 

N/G N'/G 

s s> 

(imaged) x E — » (imaged') x E' 

We claim that H is a ^-diffeomorphism. 

It is orientation preserving since h is. H*<&' = <I> since H is induced from an 
identity map between (imaged) and (image $'). We need to prove that it is a 
diffeomorphism and it locally lifts in a neighborhood of each exceptional orbit. 

Let {Ej} and {Ej} denote the exceptional orbits in $ _1 (0) and <I>'~ 1 (0), respec- 
tively. The rigid map h determines an identification between the exceptional orbits 
Ej and E^ with the same isotropy representation. We can then denote the local 

model by Yj for both Ej e $ _1 (0) and E'j e $ /_1 (0). Let 

ipj : Dj^N and i//. : D'j -» N' 

denote the grommets given by the flattenings of N and TV' about 0, where Dj C Yj 
and D'j C Yj are G-invariant open subsets. Let Sj and 5j denote the exceptional 
sheets. 

Since the homeomorphisms 5 and 5' given in the flattenings are diffeomorphisms 
on the complement of the exceptional sheets, and since the smooth structures on 
the reduced space <j> -1 (0)/G and the associated surface E agree off the exceptional 
orbits, the restriction of H to (N \ Ujipj(Sj fl Dj))/G is a diffeomorphism. This is 
easy to see from the following diagram, where 

h: (S-^O) x UjEj) /G - (^-'(O) x U^) /G 
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is a diffcomorphism induced by h: E — > E': 
N^U^jiSjHDj) ff_ 



Ar'\u J -^(5;.n J D;.) 



G 



G 



(imaged) x — J —^- — "p (imaged') x 



$'" 1 (0)xU jJ B' 



G 



It remains to show that H is a $-diffeomorphism in a neighborhood of each 
exceptional sheets i)j{Sj n Dj)/G. 

Let ^ : — > E and ^ : — » E' be the grommets of the associated marked 

surfaces. The fact that h is rigid implies that ip'j 1 oho cpj is a rotation by aj E S 1 
on some neighborhood of 0. That is, we have the following diagram: 



B, 



E' 



For each local model Yj of an exceptional orbit, we define a map fj : Yj 
follows: 

Case 1: Yj 

Case 2: Y, 



Yj- as 



SO(3) x N{sl) (K 2 x C), /,([<?, M) - fo^iaV 2 *]. 
C 3 , fj(x,y,z) 



±(o 



1/2 1/2 



a- 



1/2 \ 

2/, «/ z) 



This map /j is an equivariant symplectomorphism which respects the moment maps. 
It induces a $-diffcomorphism fj : Yj/G — > Y,-/G on the quotient. In some neigh- 
borhood of ipj(Sj CiDj), if we identify Yj/G with (image $j) x C by the trivializing 
homeomorphism, sends (a,w) to (a,a.,?«), and therefore agrees with H. □ 

12. Proof of the local uniqueness theorem over zero 

We now arrive at the stage to prove our main local theorem. 

Theorem A (Local Uniqueness over 0). Let G be SU(2) or SO(3). Let (M,w,$) 
and (M',w', $') be compact connected six dimensional Hamiltonian G-manifolds 
such that € <&(M) = $'(M'). T/iere ermfc a G-invariant neighborhood V of in 
Q* over which the Hamiltonian G-manifolds are isomorphic if and only if 

• their Duistermaat-Heckman functions coincide on V , 

• their isotropy data and genus at are the same, 

• their principal stabilizers of the zero fibers are the same, 

• if the zero fibers are tall with principal stabilizer S 1 , the first Stiefel- Whitney 
classes o/fc-^O) and$' _1 (0) in H 1 (M™ 9 ;Z 2 ) and H 1 (M' r e9 ;Z 2 ) are equal 
(under an identification of M and Mq that respects the isotropy data). 

Proof. It is clear that these conditions are necessary conditions when applicable. 
We show that they are also sufficient conditions. 
If the zero fibers are short, this is Proposition 2.2. 
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If G is SU(2) and the zero fibers are tall, this is Proposition 7.1. 

Assume that G is SO (3) and that the zero fibers are tall. By Proposition 9.3, 
there exists a G- invariant neighborhood V of in $(M) = <&'(M') such that <& _1 (V) 
and <j>' (V) admit flattenings about 0. By assumption, their genus and isotropy 
data are the same at 0. Then the associated marked surfaces £ and T,' have the 
same genus and labels. By Lemma 10.3, there exists a rigid map h: £ — > By 
Proposition 11.1, it extends to a $-diffcomorphism ip: $>~ 1 (V)/G — > (V)/G. 
Now Condition 3.1 is satisfied because of the flattenings. By assumption, the 
Duistermaat-Heckman functions of <& _1 (V) and $' (V") are the same and the 
zero fibers have the same principal stabilizer and the first Stiefel- Whitney class. 
Proposition 4.11 implies that there exists a <J>-G-diffeomorphism from to 
$' 1 (V), and Proposition 3.3 implies that there exists an equivariant symplecto- 
morphism from ^~ 1 (V) to <j>'~ (V) which respects the moment maps. □ 

13. Symplectic cross-section 

In this section we begin to study the preimage of a neighborhood away from zero. 
First, we factor out the coadjoint orbit directions in the sense of the symplectic 
cross-section theorem (cf. Theorem 26.7 in [GS2]). 

Theorem 13.1. Let G be a compact Lie group and let (M,u>,<f>) be a Hamiltonian 
G-manifold. Suppose that S is a submanifold of g* passing through a point a£g* 
satisfying T a S © T a (G ■ a) = g* and suppose that S is G a -invariant. Then for a 
small enough G a -invariant neighborhood B of a in S the preimage $ -1 (£>) is a 
symplectic submanifold of (M,ui) and the action of G a on $~ 1 (_B) is Hamiltonian. 
Its moment map is the restriction of $ on followed by the projection onto 

T a S ~ 0*, the dual of the Lie algebra of the stabilizer of a. 

The submanifold X = $ _1 (.B) is called a symplectic cross-section. It is 

proved in [GLS] that if G is compact we can choose the manifold S and B be so large 
that it is all the interior of the Weyl chamber. The set $ _1 (G • B) = G ■ = 
G ■ X is an open subset of M, which is G-equivariantly isomorphic to the associated 
bundle G Xc a X, and the map tt: G Xo a X ^> G ■ a given by [g,x] i— » g ■ a is a 
symplectic fibration. The symplectic connection on the bundle G Xo a X ^> G ■ a 
is the same as the connection determined by the splitting T a S T a {G ■ a) = q* . 
While the symplectic form on G x o a X comes naturally from its identification with 
G ■ X <—* M, it can be reconstructed from its restriction to the fiber X and the 
connection corresponding to the splitting. 

Let G be SU(2) or SO(3), and let (M, w, <&) be a six dimensional Hamiltonian 
G-manifold. For all a ^ £ g*, we have G a = S 1 and G • a = S 2 . The symplectic 
cross-section X is the preimage of an open ray R>o = M + \ {0}. It is symplectic, 
connected, four dimensional and it has a Hamiltonian circle action. Its moment 
map $x : X — > K >0 is given by 

g-$x(x) = $([g,x\) 

where $ is the moment map of the G action on G Xa a X. Let A denote the 
connection one-form. The symplectic form on G Xc a X can be reconstructed by 

(13.1) uj = lu x - d($ x ,A) + it*u S 2 

where u>x is a symplectic form on the symplectic cross-section X, and tt*los^ is the 
pull-back of the natural symplectic form on the coadjoint orbit G • a = S 2 . 
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A special case of Theorem B follows from the symplectic cross-section theorem: 

Proposition 13.2. Let G be SU(2) or SO(3). Let (M,w,$) and (M',w',&) be 
compact connected six dimensional Hamiltonian G-manifolds such that ^ $(M) = 
5>'(M). T/ien M and M' are isomorphic if and only if they have the same principal 
stabilizer, the same Duistermaat-Heckman function, the same genus, and the same 
isotropy skeleton. 

Proof. Since M and M' have the same principal stabilizer Z„ ~ Z/nZ, their sym- 
plectic cross-sections A and X' inherit actions of <S' 1 /Z„ ~ S 1 from the actions of G 
on M and M'. The symplectic cross-sections are then four dimensional Hamiltonian 
^-manifolds on which Z„ acts trivially. By [Kl] or [KT2], these are determined by 
the Duistermaat-Heckman function, the genus, and the isotropy skeleton. Hence X 
and X' are isomorphic and M ~ G x 51 X and M' ~Gxjil' are isomorphic. □ 

We now examine some previous definitions and properties on a Hamiltonian 
G-manifold in terms of its symplectic cross-section. 

Lemma 13.3. Let G denote SU(2) or SO(3). Let (M,w,$) and (M',u/,$') 
6e Hamiltonian G-manifolds and let X and X' be their symplectic cross-sections 
$ _1 (R>o) and $' _1 (lR>o) respectively. Identify M \ <f> _1 (0) and M' \ <j>' _1 (0) uratft 
G x s i I and G x s i X'. There exists a one-to-one correspondence between $-G- 
diffeomorphisms F: Gx s iX — > Gx s il' and &x S 1 -diffeomorphisms f : X — * X' . 

Proof. One direction is easy. Assume that there exists a $j> s :-5 1 -diffcomorphism 
/: X -> A'. The map F: G x 5 i A -> G x s i A' defined by = [g,f{x)\ is 

a $-G-diffeomorphism. 

Now assume there exists a $-G-diffcomorphism F: GxhX^Gxh A'. The 
fact that F is equivariant implies that F([g,x\) = [gfi{x), fi (x)] for some smooth 
functions /1 : A — > G and / 2 : A — > A'. Since F respects the moment maps, 
g ■ $x{x) = gfi(x) ■ <&' x {f2{x)). Note $x and <&' x map into R >0 . We derive that 
/i(a:) e S 1 and = ^' x (h(x)). We rewrite F([ff,a;]) - \gfi(x),f 2 (x)] = 

[g,h(x)Mx)} = [g,f(x)}. 

To show that / is a $jf-S' 1 -diffeomorphism, we need to show that / is an ori- 
entation preserving diffeomorphism which respects the moment maps. Since F 
is well-defined under the S 1 action on G x A, we have F([g,x\) = [g, f(x)] = 
F([ga~ 1 ,ax]) = [ga^ 1 , f(ax)] for all a g S 1 . So f(ax) = af(x) for all a g S 1 ; 
namely, / is S^-equivariant. We know that this function /: X — » A' also respects 
the moment map since §' x is ^-invariant and $>' x (f(x)) = $>' x (fi(x)f2(x)) = 
^'x(f^( x )) = &x(x). Finally, the fact that F preserves the orientation on G x 51 A 
implies that / preserves the orientation on A. □ 

Definition 13.4. Let M denote the dual of the Lie algebra of S 1 . Let M and 

M' be oriented manifolds with S 1 actions and 5 1 -equivariant maps <&: M — » K 
and $' : M' — > M. A ^-diffeomorphism from M/5 1 to M'/S 1 is an orientation 
preserving diffeomorphism ^ : M/ S 1 — > M'/S 1 such that ^*$' = <f> and such that ■0 
and ^> _1 lift to $-5' 1 -diffcomorphisms in a neighborhood of each exceptional orbit. 
Here $ and $' are induced by the moment maps as in (4.1). 

Lemma 13.5. Let G denote SU(2) or SO(3). Let (M,w,$) and (M',u/,$') 
oe Hamiltonian G-manifolds and let X and A' 6e t/ieir symplectic cross- sections 
$ _1 (]R>o) and $ /_1 (lR>o) respectively. Identify M \ ^(O) and M' \ $' _1 (0) 



COMPLEXITY ONE HAMILTONIAN SU(2) AND SO(3) ACTIONS 



27 



with G Xgi X and G X51 X' . There exists a one-to-one correspondence between 
^-diffeomorphisms F : (G x s i X)/G — > (G x 51 X')/G and $x-diffeomorphisms 
f: X/S 1 -» X'/S 1 . 

Proof. Let denote S 1 . Consider the map i: X/H —> (G Xh X)/G induced by 
the inclusion i : X — > G Xjj X such that i(x) — [e, a;]. It is easy to check that i is a 
homeomorphism. We have the commutative diagram that gives the correspondence 
between a <l>-diffeomorphism F and a <I>x-diffeomorphism /. 

f , *'v 

X/H X'/H Tl 



>o 

id 

(G x H X)/G — - (G x H X')/G — - R> 

Let H x denote the stabilizer of a point x £ X with respect to the H action on X. 
The stabilizer of [g, x] G GxhX with respect to the G action on G x # X is given by 
^[s,x] = QHxg -1 - Since $([<?, x]) = g ■ <f>x{%), there is a one-to-one correspondence 
between exceptional S^-orbits in $ x (a) and exceptional G-orbits in $ -1 (G • a). 
By Lemma 13.3, if the $x-diffeomorphism / lifts to a $x-S' 1 -diffeomorphism in 
a neighborhood of an exceptional S^-orbit, the induced <i>-diffeomorphism F = 
jo/oi lifts to a <I>-G-diffeomorphism in a neighborhood of the corresponding 
exceptional G-orbit. □ 

Lemma 13.6. Following the notations in Lemma 13.3 and 13.5, a &-diffeomorphism 
F lifts to a ^-G-diffeomorphism F if and only if the corresponding $ x-diffeomorphism 
f lifts to the corresponding &x S 1 -diffeomorphism f . 

Proof. Let [ , ] denote the S 1 equivalence class and let ( , ) denote the G equivalence 
class. A $-diffeomorphism F: (G x s i X)/G -» (G x s i X')/G lifts to a $-G- 
diffeomorphism F : G x 51 X — > G x 51 X' if and only if 

(13-2) (n[ ff , 2 ;]))=F(([ 3 , a ;])), 

and a ^x-diffeomorphism f; X/S 1 — > X'/S 1 lifts to a $x-S' 1 -diffeomorphism 
/: X -» X' if and only if 

(13.3) [/»] = /([*])• 

By Lemma 13.3, 

(13-4) F([g,x]) = [g,f(x)}. 

By Lemma 13.5, 

(13.5) F({[e,x})) = {[e,f([x})}). 

We only need to show that (13.3), (13.4), and (13.5) together imply (13.2), but this 
is easy. 

F(([g,x])) = F(([e,x})) = ([e,f([x])}) = <[e, [/»]]> 

clearly equals 

(F([. 9 ,x])) = ([»,/»]) = <[e,/»]> = {[gh-\hf{x)]) 
= ([e,hf(x)})=([e, [/»]]) 
where /i is some element in 5 1 . □ 
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The moment image of a Hamiltonian iS 1 -manifold can be translated by a constant 
a e s* ~ K. Hence, the Local Normal Form Theorem 2.1 applies for any orbit in 
any a fiber. It follows from [KT1] that trivializing homeomorphisms exist, and that 
grommets, exceptional sheets, wide grommets, fiattenings, and associated marked 
surfaces described in Sections 8, 9, and 10 are defined over any tall a fiber for 
the symplectic cross-section X of a six dimensional Hamiltonian G-manifold where 
G = SU(2) or SO(3). 

Let Y be a local model for an S^-orbit O in <& x (a) for a € M>o- The associated 
bundle Gx^iFisa local model for the G-orbit G ■ O in $ _1 (G • a). A trivializing 
homeomorphism on Y determines a trivializing homeomorphism on G x gi Y . We 
can then define grommets, exceptional sheets, wide grommets, fiattenings, and 
associated marked surfaces of M away from in a similar fashion. 

The following propositions and lemmas are derived from [KT1] based on the 
properties of the symplectic cross-section. 

Proposition 13.7. Let G be SU(2) or SO(3) and let (M,u, <&) be a six dimensional 
Hamiltonian G-manifold. Assume that is tall for a e $(M) n R >0 . Then 

there exists a neighborhood I of a in <I>(M)nlR>o such that the preimage $ _1 (G- I) 
admits a flattening about a. 

Proposition 13.8. Let G be SU(2) or SO(3). Let(M,us,§) and (M 1 , uj', <&') be six 
dimensional Hamiltonian G-manifolds equipped with fiattenings about a € $(M) = 
<&'(M'). Let E and E' be the associated marked surfaces of M and M' , respectively. 
Then any rigid map h: E — > E' extends to a &-diffeomorphism g: M/G — ► M'/G. 

Proposition 13.9. Let G be SU(2) or SO(3). Let (M,w,$) and (M',u}',&) be 
compact connected six dimensional Hamiltonian G-manifolds. Assume that their 
a fibers are tall for a ^ in $(M) = $'(M'). T/ien f/iere exists a G-invariant 
neighborhood V of a such that ^^ 1 (V) and $' _1 (V r ) are Q-diffeomorphic if and 
only if the reduced spaces $ _1 (G ■ a)/G and $ /_1 (G • a)/G have the same isotropy 
data and genus. 

Proof. Without loss of generality, we can assume a £ K>o- By Proposition 13.7, 
there exists a neighborhood / of a in R>o such that <S>-i-(G-I) and $' _1 (G-/) admit 
fiattenings about a. Since the isotropy data and genus of the reduced spaces M a 
and M' a are the same, the associated marked surfaces E and E' have the same genus 
and labels. By Lemma 10.3, there exists a rigid map h: E — > E'. By Proposition 
13.8, there exists a $-diffeomorphism g: $- x (G • I)/G -» $' _1 (G • 7)/G. □ 

14. Global structure of the orbit space M/G 

Let G be SU(2) or SO(3) and let (M, oj, $) be a six dimensional Hamiltonian 
G-manifold. Assume that every moment fiber is tall. Corollary 9.4 states that there 
exists a G-invariant neighborhood V of zero such that <fr~ 1 (V)/G is topologically a 
trivial surface bundle. Most importantly, we have shown that the restriction map 
H i {<f>- 1 (V)/G;Z) -» H i (^- 1 (G-a)/G;Z) is one-to-one for i = 1, 2 and a e V. 

Assume a / and a e $(M). There also exists a G-invariant neighborhood 
Vofa such that the restriction map i/ J ($- 1 (y)/G; Z) -> ^*($ _1 (G • 0)/G;Z) 
is one-to-one for i = 1,2, and /3 € V. This essentially follows from [KT1] since 
• /3)/G = ^(Z?)/^ 1 , and $ _1 (G • 7)/G = (Gx s , ^U))/^ = ^xW/S 1 
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for any interval I C R>o- Here X denotes the symplectic cross-section $ _1 (R>o) 
and <&x is the corresponding moment map for the Hamiltonian circle action on X. 

In this section, we will show that the injectivity of the restriction map holds not 
only locally but also for the manifold M . 

Proposition 14.1. Let G = SU(2) or SO(3) and let (M, oj, $) be a connected six 
dimensional Hamiltonian G-manifold. Then the restriction map H l (M/G;1,) — ► 
fP($ _1 (G • a)/G;Z) is one-to-one for any a e <1>(M) and i= 1,2. 

We need several observations to carry out the proof. 

Lemma 14.2. Let G be SU(2) or SO(3) and let (M, oj, be a six dimensional 
Hamiltonian G-manifold with a moment map $ : M — > R 3 . Assume $ _1 (G • a) for 
a € R + consists of a single G-orbit. Then every neighborhood of a in R + contains 
a smaller neighborhood V such that the quotient <1> _1 (G • V)/G is contractible. 

Moreover, any reduced space $ _1 (G • f3)/G of complexity one is homeomorphic 
to a 2-sphere for f3 € V and (3 ^ a. 

Proof. Assume a = 0, and $ _1 (0) consists of a single orbit. The stabilizer of 
this single orbit is either S 1 , or a finite subgroup T C G. The local model of 
the orbit is G x s i (R 2 x C) or G x r R 3 . The quotients (G x <?i (R 2 x C))/G and 
(G x r R 3 )/G arc homeomorphic to (R 2 x Q/S 1 and R 3 /r respectively. They are 
both contractible. For j3 ^ in the local model, direct computation shows that 
<& -1 (G • (3)/G = Q-H^/S 1 is homeomorphic to S 2 . 

For a 7^ 0, it suffices to show that the statements hold on the symplectic cross- 
section X, which is a complexity one Hamiltonian ^-manifold. It is immediate 
from [KT1]. □ 

Lemma 14.3. Let G be SU(2) or SO(3) and let (M, w,4>) be a six dimensional 
Hamiltonian G-manifold with a moment map M — ► R 3 . Denote by M° the 
union of all the tall moment fibers in M and let 1° = $(M°) n R+. Then for every 
a e 1°, there exists a neighborhood V C R+ such that <I> -1 (G • V) is homeomorphic 
to Ex (VC\L°), where E is a surface. In other words, M°/G — ► 1° is topologically 
a surface bundle where the map $ is induced by the moment map. 

Proof. If a = 0, this is Corollary 9.4. If a ^ 0, we deduce from Proposition 13.7. □ 

In particular, the set 1° of points in R + whose moment fiber is tall is connected. 
We have the following result: 

Corollary 14.4. Let G be SU(2) or SO(3) and let (M, ui, $) be a six dimensional 
Hamiltonian G-manifold with a moment map $ : M — > K 3 . Then all the tall sym- 
plectic quotients have the same genus. 

Define the genus of a point to be zero. Then the genus is a well-defined notion 
for the complexity one Hamiltonian G-manifold M. 

proof of proposition 14-1. We use Leray-Serre spectral sequence for the induced 
map ¥: M/G -» I = $(M) n R+. Cover I with open sets {Ui} = U, then W X U 
is a cover for Mj G. There is a spectral sequence converging to H* (M/ G) with E 2 
term 

El' q = H p (U,H q ) 
where H q (U) = H q ($~\u)) is the presheaf on I. 
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Assume first that all the moment fibers in M are tall. Then the quotient M/G 
by Lemma 14.3 is topologically a surface bundle over /. Then H q is locally constant 
on U and the groups H q (U) = H q (& (£/)) = H q (T,) are constant on contractiblc 
open sets U. So E°' g = and E p 2 q = for p ^ 0. The restriction map 

H l (M/G;Z) -> iT(£;Z) is an isomorphism. 

If there exists a short moment fiber, by Lemma 14.2, the genus must be 0. Since 
the moment fiber is tall for all interior points of I, the short fiber takes place at 
the end point of I. We cover I = [a, f3] with three connected open sets such that 
Uq covers a, U2 covers (3, and Uoi,Ui2 are connected and U02 is empty. Then 
= Z Z 8 Z, E{'° = Z © Z, £j' 2 = Z © Z, £"' 2 = F Q © Z © F where F» = Z 
if <& _1 (*) is tall, and = if <& _1 (*) is short, and all other E\' q vanish. So we 
have E 2 '° = Z, £f'° = for p > 1, if' 1 = for all p, and £^ 2 = 0. We see 
E 2 2 = E 2 l = E 2 '° = 0, and E 2 A = El' = 0. So H l (M/G; Z) = for i = 1, 2. So 
the restriction to H l (T,; Z) is one-to-one for i = 1,2. □ 

15. Passing to M/G 

Proposition 15.1. Let G be SU(2) or SO(3) anrf let (M,w,®) and (M',w',&) 
be compact connected six dimensional Hamiltonian G-manifolds such that $(M) = 
$'(M'). There exists an equivariant symplectomorphism from M to M' that respects 
the moment maps if and only if they have the same Duistermaat-Heckman function 
and there exists a &-G-diffeomorphism from M to M' . 

Proof. Assume /: M — ► M' is a <f>-G-diffcomorphism. By Proposition 14.1, the 
restriction map H 2 (M/G;Z) -> H 2 (^~ 1 (G ■ a)/G;Z) is injectivc. The same ar- 
guments as in Section 3 apply here; we only need to show that the 2-form ui t — 
(1 — t)u) + tf*uj' is nondcgcncrate everywhere for < t < 1. 

Over zero, this is true by Lemma 3.5. Away from zero, we reconstruct the 
two-form u>t by (13.1). Lemma 3.6 in [KT1] guarantees the nondegeneracy on the 
symplectic cross-section and therefore on the manifold. □ 

Proposition 15.2. Let G be SU(2) or SO(3). Let (M,w,$) and (M',w',&) be 
compact connected six dimensional Hamiltonian G-manifolds such that £ $(M) = 
$'(M'). Assume that M and M' have the same Duistermaat-Heckman function, 
that their principal stabilizers of the zero fibers are the same, and that their first 
Stiefel- Whitney classes of the zero fibers are the same when applicable. There exists 
a ^-G-diffeomorphism from M to M' if and only if there exists a <fr-diffeomorphism 
from M/G to M'/G. 

Proof. Assume there exists a $-diffeomorphism ^ from M/G to M'/G. Let X 
denote the symplectic cross-section $ _1 (M > o) and $x denote its moment map. By 
Lemma 13.5, there exists a $x-diffeomorphism ip on X. By [KT1], ip locally lifts 
to $x-S' 1 -diffeomorphisms. 

Pick an open S' 1 -invariant cover {Ui} on <I> _1 (]R + ) such that ^ lifts to a <&-G- 
diffeomorphism ^1 on U\ and such that Ui n $ _1 (0) = for all i ^ 1. We can 
further refine U so that (£7j n Uj)/ S 1 is simply connected for all i 7^ j and on each 
Ui, i 7^ 1, there exists a $x-<S' 1 -diffeomorphism ipi : Ui — > M' that is a lift of ip. By 
Lemma 13.6, ^\ induces a $x-S' 1 -diffeomorphism ipi on U\ \ <I> _1 (0) and tpi is a 
lift of V- 

By Theorem 15.3 below, there exist smooth ^-invariant functions gij : UiDUj — > 
S 1 such that tp~ 1 o ipi(m) — gij{m) ■ m for all me UiHUj. These functions form a 
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Cechcocycleg € G 1 ^,.? 1 ). If there exists gi : Ui — ► S 1 such that g%j = g// l -gj, then 
gi-ipi = gj ■ tfrj on Ui n ?7j. Namely, {gi ■ V'i} form a global $x-<S' 1 -diffeomorphism. 

Consider the sheaves of ^-invariant functions in R, S 1 , and Z. Since (UifMIj) / S 1 
are simply connected, H x (Ui fl Uj]Z) = 0, and the exponential map 

exp: R(f7j n Uj) -> S 1 ^ n E/,-) 

is surjective. The short exact sequence O^Z^R^S* 1 ^! induces an exact 
sequence ^(U'M) -> H X (U; S 1 ) -> H 2 (U;Z) -> H 2 (U;R). Since there exists a 
partition of unity on W, the cohomology ff 1 (W;R) = H 2 (U;W) = and hence the 
Bockstein operator 5: ff 1 (W;S' 1 ) — » H 2 (U;Z) is an isomorphism. 

Now consider the image [c] of [gr] in H 2 (U;Z). Since (C/j n Uj)/S x is simply 
connected, we choose any particular branch of the logarithm, and obtain that c^fe = 
log gjk — logyife + log<7y. Since M and M' have the same Duistermaat-Heckman 
function, [KT1] asserts that there exist bij such that Cy/t = bjk — hk + by. We 
can choose a different branch of the logarithm log ncw = log old — bij so that 
(kjk = l°g.9jfe — log^ife + log^j = 0. Take a partition of unity A, subordinate to 
{Ui}, and define 




Then g t 1 • g 3 ■, = exp (£) fc A fc log5 4fc - J^k A fc lo g£jfc) = ex P (Efe ^fe logftj) = 5y 011 
f/j n C/j. Note gi — exp (— Afc loggife) = 1 in U\ \ for fc ^ 1. In particular, 
5i = 1 near $ _1 (0). By Lemma 13.3, we extend gi ■ ipi from the symplectic cross- 
section to the entire manifold to obtain a global <&-G-diffeomorphism and g\ ■ = 
$i in a neighborhood of <3? _1 (0). □ 

Theorem 15.3 ([HS]). Let S 1 act on a manifold M. Let f ': M — > M be an equi- 
variant diffeomorphism that preserves the orbits. There exists a smooth invariant 
function h: M — > S 1 such that /(to) = h(m) ■ m for all m € M. 

16. Global Uniqueness 

Let G be SU(2) or SO(3) and let (M, oj, $) be a six dimensional Hamiltonian 
G-manifold. Let E denote the set of exceptional orbits in M . We consider the 
projections M — > M/G and g* — > fl*/G and the map <I> induced by the moment 
map <&. The isotropy skeleton is the space E/G where each point is labeled by 
its isotropy representation, together with the map E/G — ► Q*/G. Two isotropy 
skeletons are considered the same if there exists a homcomorphism /: E/G — > E' /G 
that sends each point to a point with the same isotropy representation and such 
that $ = <Fo/. 

We have the following global uniqueness theorem: 

Theorem B. Let G be SU(2) or SO(3). Le£ (M,w,$) and (M',w',$') &e compact 
connected six dimensional Hamiltonian G-manifolds such that <&(M) = $'(M). 
T/ien M and M' are isomorphic if and only if they have the same Duistermaat- 
Heckman function, the same genus, the same isotropy skeleton, the same principal 
stabilizers of the manifolds and of the zero fibers, and the same first Stiefel- Whitney 
class of the zero fibers when applicable. 

We now introduce the final ingredient in the proof of the above theorem: 
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Lemma 16.1. Let G be SU(2) or S0(3) and (M,w,$) and (M',u/,$') be six 
dimensional Hamiltonian G-manifolds. Let L\ and I2 be open intervals in R>o C 0* 
such that Ii<~\l2 ^ 0. LetUi = ^ 1 (G-L l ) andU- = $>' _1 (G.Ji) fori = 1,2. Assume 
that Ui and U[ admit flattenings and that Ui fl U2 contains only orbits with finite 
stabilizers. Let gi : U\/G — > U[/G and g^'. U2/G — > U'^/G be ^-diffeomorphisms. 
Then there exists a diffeomorphism g: {U\ U U2)/G — > (?7{ U ?7 2 )/G such that 
g = g\ on Ui \ f/2 . 

Proof. Without loss of generality, let Ji = (a, 6), L 2 = {a,P), and 7i fl 7 2 = (a, 
First assume that t/i n U2 has no exceptional orbits. Hence (U\ n U2)/G is dif- 
fcomorphic to the product surface bundle Ex (a, b) where E is the reduced space 
<& _1 (G • [i) I G at any /x e $(t/i n C/ 2 ). Similarly (t/J n £/ 2 )/G ~ £' x (a, b) where E' 
is the reduced space at any v e &{U[ n t/ 2 ). Denote E x {£} by E t and E' x {t} 
by EJ. We then set (<?i)t = 9i\n t so that (<?i)t is a diffeomorphism from £ t to T,' t 
for t G (a,b). We can choose connections on these two surface bundles so that 
the flows f s : E t — » E t+S and /' s : E' t — > Ej +S of the horizontal lift of the vec- 
tor field Jj on (a, 6) satisfy f' s o = (gi)t+ s / s for t, t + s e (a, a + e) and 
.f' S (.92)* = (<?2)t+s f s f° r i + s G (6 — e, b) for some small e > 0. Moreover, we 
may assume that these are also defined over a and b. We define j t ■ E t — > ££ for 
* G (a, 6) by 

(16.1) 7t = /'*-<* o ( fll ) a o /"(*-). 
It's easy to see that j t = (gi)t for t e (a, a + e) and 

(16.2) lt = (g 2 ) t oh t for te(6-e,6) 

where ft-t : E t — > E t is a diffeomorphism determined by (gi) a , (52)61 and the flows 
/ s and /' s . 

With the help of a smooth function p: (b — e,b) — > (6 — e, 6) such that p(t) = t 
near b — e and p(t) = 1 near 6, we can reparametrize h t and j t for t g (6 — e, 6) so 
that 7 t in (16.2) becomes (<? 2 )to/i for i e (c, 6), where ft denotes the diffeomorphism 
hb and c is some value in (b — e, b) near 6. 

The flattening of C/ 2 determines a new trivialization <& _1 (G- (c, b))/G ~ E x (c, 6). 
The exceptional sheets defined by this trivialization correspond to a set of points 
{xi} on E. There exists a rigid diffeomorphism A: E — ► E such that X(h(xi)) = Xi. 
In fact, there exists an isotopy At : Et — > E t such that At = id near c and At = A 
near 6. So we can construct a new map g: (U\ n ?/ 2 )/G — > (f/{ n £7 2 )/G such that 

(ffi)t, a<i<a+e 



(16.3) 3 



7t, a + e<i<& — e 

s * ~ I (g 2 )toH t , b-e<t<b-S 



(g 2 ) t °H, b-5<t<b 

where e > S > are small and H: E — > S is a rigid diffeomorphism which sends 
the points on E that correspond to the exceptional sheets on C/ 2 to themselves. 

By Proposition 13.8, the rigid map H extends to a ^-diffeomorphism H from 
(U 2 \ U{)/G to (U 2 \ Ux)/G. And the new ^-diffeomorphism g: (^U [/ 2 )/G -» 
(ZTf U f7 2 )/G can be defined as gi on (C/i \ [/ 2 )/G, g on (C/i n t/ 2 )/G, and g 2 o F 
on (C/ 2 \ £/i)/G. 

Now assume there exist exceptional orbits in Uif]U 2 . By assumption, every orbit 
in Ui(lU2 has a finite stabilizer. The moment map $ : U\f\U 2 — > R 3 is then a proper 
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submersion. Since ^ $(i7i H U2), the norm square of the moment map |<I>| 2 from 
Ui n U2 to I\ n I2 is also a proper submersion. Therefore U\ fl U2 is G-equivariantly 
diffeomorphic to a trivial bundle Z x (a, b) where Z/G is homeomorphic to the 
reduced space $ _1 (G • n)/G ~ S. 

Let g^: C/i/G — > t-^'/G lift to $-G-diffcomorphisms ^: J7i — > We proceed as 
before, but take G-equivariant connections consistent with <?j. Again we use the 
smooth function p to rcparametrizc so that we obtain a new map g: U\ n t/2 - * 
E/i n C/2 such that 

a < t < a + e 
a + e<t<b — e 
b-e<t<b-6 
b-S <t<b 

We then return to the $-diffcomorphism level. Since a $-diffcomorphism induced 
from a $-G-diffcomorphism takes each exceptional orbit to an exceptional orbit 
with the same stabilizer, we only need to construct a rigid diffeomorphism that 
sends the exceptional sheets defined by the flattening of U2 to themselves. This 
and the rest follow the same arguments as before. □ 

We also need the following lemma: (See [Kl] Appendix B, and [S].) 

Lemma 16.2. Let k: S 2 — > S 2 be a diffeomorphism such that k is a rotation on a 
neighborhood of the north pole and on a neighborhood of the south pole. Then there 
exists an isotopy k t .S 2 ^S 2 , with k — k and k\ — identity, such that each k t is 
a rotation on a neighborhood of each pole. 

Proof of Theorem B. If ^ &(M), this is Proposition 13.2. Assume the moment 
image contains zero. By the assumption on the genus and the isotropy skeletons, 
there exist a G-invariant neighborhood V of a such that $~ 1 (V)/G and &~ 1 (V)/G 
are $-diffeomorphic for each aeg*. We can cover $(M) D R+ by connected open 
intervals such that gj : <j> _1 (G ■ Ij)/G — > 1 (G ■ Ij)/G arc $-diffcomorphisms. 
Taking refinements if necessary, we can assume that {Ij} have no triple intersec- 
tions, that min/j < min/j+i, that Uj = &~ 1 (G-Ij) have flattenings if they contain 
only tall fibers, and that Uj n t/j+i contain only orbits with finite stabilizers. 

Replace U\ by U\ \ $ _1 (0). We can use induction and Lemma 16.1 to modify 
gi, ... , g n -i so that we obtain a new <j>-diffeomorphism gi : (U\ U • • • U U n -\)/G — > 
(U[ U • • • U C/;_i)/G with <?i = gi on Ux \ U 2 . 

If the reduced space $ _1 (G • a)/G is tall for all a e I n , we can use induction 
again on U n so that we obtain a new ^-diffeomorphism g: (U\ U • • • U U n )/G — > 
(U[ U • • • U U' n )/G with g = g x on U x \ U 2 - So g naturally extends to $- 1 (0)/G and 
we obtain a global ^-diffeomorphism g: M/G — > M'/G. 

By Lemmas 14.2 and 14.3, if the reduced space $ _1 (G • /3)/G is short for (3 — 
maxl„, the reduced space $ _1 (G ■ a)/G is homeomorphic to S 2 for any a 7^ /? in 
/„. By [Kl], there exist at most two exceptional orbits in <j> _1 (G • a). 

Replace /„ by I n \ {(3} and U n by U n \ $ _1 (G • /?). Denote 7„_i n /„ by 
(a,b). We construct a map g: (U n -i n U n )/G — > (U' l _ 1 n U' n )/G as in the proof 
of Lemma 16.1 up to the form in (16.3). By Lemma 16.2, there exists a rigid 
isotopy fc t : S* 2 — ► S* 2 such that k$ = H and fci = identity. So we obtain a new map 
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i: {U n -i n U n )/G -» (f/;_! n C/^/G such that 

'(ffi)t, a<i<a + e 

7t, a + e<i<5 — e 

{g n ) t oH u b-e<t<b-S 

{{g n )t, b-6<t<b 

where e > (5 > are small numbers. Therefore the new <3?-diffeomorphism g given 
by 5i on ((E/i U ■ ■ ■ U E7„_i) \ f/ n )/G, , 9 on ((E/i U ■ ■ ■ U t/„_i) n 17„)/G, and g n on 
(f/„ \ (Ui U • • • U U n -i))/G is well-defined on U\ U • • • U U n such that g — g\ on 
f/i \ t/2 and 5 = g n on C/ rl \ U n -i- Hence g naturally extends to $ _1 (0)/G as 
well as <& _1 (G • a)/G, where a = max/„. The map g: M/G — > M'/G is a global 
$-diffcomorphism. 

By Proposition 15.2, there exists a $-G-diffcomorphism from M to M'. By 
Proposition 15.1, there exists an equivariant symplectomorphism from M to M'. 

□ 
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